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Note: As sections 14.1 - 14.5 were covered in the WIR session last week, this WIR session
focuses on the remaining sections (that is, 14.6 - 14.8). Students are strongly encouraged to

review last week’s WIR session.

Example 1 (14.1). Sketch the level curves of

(a) f(z,y) =" 4y at z =1,2,3.
[Jl/ z - (l/ 4 ﬂﬂ/).!/ﬂ/)/’ /’/’) ;%g M))ye ﬂff‘

Then ez/—y =C = 5-’—‘31"‘ c

fn/v@f/’/(’a/a/; czf = j/: ~e;(/—/
c=-2 = y:——eq-/-Z-
l =

3 =>2’:—ex+3

) flz,y)=e"" at z=1,2,3.

ak Z—3

0;52:::::

T~

, xSy =
Z= C WHh <c=) = C=¢€ Ay
2 2
= | 27+y = Ine
f//7 /oaf/fé'u/cwl C= [ =5 xz,/,fz'_: o)
cC = 2 = 22-,&}2://72 - _
7 x
CTC T aTy= o \//
(b) f(z,y) = In(z* + 9y?) at 2 = 1,2, 3.
z = c, where ¢ /s g conslanr f’m,o//y
In(x*+79% =< N 2
2 _ 4 —
2> 2% 9yTT S > /;*Jé:—’ T/
e e/
7 z=3
In  parti cutes Zzcz=) = 2 = 2252 \
T EResl = A, £ ) -
z —c¢c=2 -—/? _é_ Y _
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Example 2 (14.4). Consider the function

MATH251 - Spring 25
Week-In-Review 5

— fro,2 =3

q b
(a) Find the linearization of the function at the point (0, 3).

f(x,y) = ye.

(b) Use differentials or the linearization to estimate (2.98)e(0039(298)

() Lotnyo=y47 e = foco30=79
7{;'67,]): e*d 4 “/e”ﬂ = /}lfo,B): /

The Iinearszelzon j! at ca, b) J<

Lo y) = 4ca,8) v Ly ta,3) C-ad + aj Ca, b) L) &
- 3 F GO0+ M (Y-3)

[ (2, 9) = 9« + Y

b (0.03)(2.9FD .
()[2'77)’3 = f(o03, 2950 & [ (008, 2.8

_ 9(06.02) + 2. (%
- %.292%
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Example 3 (14.4). The radius and height of a right circular cone are measured as 6 ft and

10 ft, respectively, with a possible error of at most 0.1 ft. Use differentials to estimate the
mazimum error in the calculated volume of the cone.

1/:,/_ /71'24. dU:;? when f:[}ﬁfﬂ’/ ‘,/5‘!/’;”'/
2 .

zrrh-dr 4 7rs 4

)

3 3

ST (o)) (0.) + T (3D (0D
2z 3

= 47 + ) 277

= 527 /ilg

Example 4 (14.5). Let f(z,y, 2)

Va4t y?+ 22, x=re’,y=se" and z = €. Find g—f
when r =0 and s = 2. = a= )J:?—) z =/
_9)/:,92&,_9_2 “/’ﬁﬂ +,_2f£5
e 2x Jr 2y or 2z 27
rg
- % et . set L _Z . S¢
\]k’?—.{—yZ_f_zz ‘/ zz{y%/—zz (/QL_*},Z_/_ZZ
_ o o
= 0 + Z (2D 4 I . [(2eH = €
= = =

4

Try 8F
d sz

r=o and s = 2
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Example 5 (14.5). Find 0z and 9z if 2% 4 y? 4 2% = 2e™Y7,
ox Jy

z
,@0}2/08 F(X’,]JZ): 952./—_72',/—29—_239% . 7hen

2Z = - = _ _ (‘Q% - ﬁyz eg‘é'z)
o E z
= (ﬁz—zaoy e @D

z
9z _ — F/ o /j(y~21269% )
Qy Fz_ [21—215 39&77

Example 6 (14.6). Find the directional derivative of f(x,y) = xsin(xy) at P(1,7) in the
direction of the vector v that makes an angle 0 = w/3 with positive x-axis.

iz, yr= £ Fx, /}> = (f/‘»zy% Y cax (AY) 2z o1 fxy)>
VECLr) =< -7, <>

\ N | <
The uni't vectsy in He divection zl’f V /1« v= =6l + 7726y

Le, W = (o< 1T om 1L = L J§>
< = 7 é> < 2’ z
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Example 7 (14.1/14.6). Suppose f(x,y) = 2zy + In(4z + y).

(a) Sketch the domain of the function.

(b) Find the directional derivative of f at P(—1/4,2) in the direction from P to Q(3/4,1).
(¢) In what direction does f increase fastest at P? What is the mazximum rate of change?

(d) In what direction does f decrease fastest at P? What is the minimum rate of change?

(@) 0ﬂ/j fhe rest¥iotigy 1< AA + dt/ =0 . \\ rd
\
173 y > - %% \\
_ 3 .| J—2\ = _) \|
6 r& = < Z+7., > = <1, =P \ A
v o= W = _L < /, ~/} \\
(pac|  v* \
I= -4
VFiry) c L2y 4+ _4 2x +_! > B
4=+Y 4=t Y
VY (~L.2) —
g = 2-() = /
7% = arg ) L= <L 5>
2 ’/("/’ 2) — r ! _
¢/ / - J / —- [ — / - { —/ - /b
7 < 2 > \/—2_< y ) J:; [ ¥ {—7 = o

(© The  fun oy F increaces Ffasfer f ab- P in the direcltton
P L2, L> (r <i6 sy

ond the maximum rote -

chuge (s [<2, y> ] = ca 4/ = Jz57
Ja k= B
[aj) The funotion # decresseo 74_[/7&,7; at p /n the i e 370

A Z, //Z> = < -2, ”Z} (or (-J€J~I>)/4I)al #ie

he min) muym  yore o dWe /s - (L9 ly>) = — V2577
= -
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Example 8 (14.6). Find equations of (a) the tangent plane and (b) the normal line to the
surface x? + y? +yz = x2% at the point P(1,—1,1).
. 2
ﬁe//ﬂe FC?’,},Z) = zL,z_yz_,.yzf-zz 72)m Ae /eue/ ﬂa/]éce
/Cf3; 7) =) =0 /Dfpa/dlw /%4 ‘7/\1/,9/7 _mﬁwe,
2 azZ > .
g2 y-ERES

VFE (2, .20 = £ 22 -2% 2
VE (L~ 00 = < ), A -3>
W 4 rormal Vector %ﬂr be /ﬁnywz} plorne /o He j/qugﬁ curfaee
vE L=, 1> = <1, -, —3>-

et Pl -1 1) 1< A =
20 oy eg wation) of e %ﬂﬂjp/?f /p/awe /<
<G —3> L xml, gon, =2 =0
x-( -4~ —3Z+3=0
9(”}~/37/ = —)
‘ = 3.5
(b A direction veckr for the normald lbpe at= P L1 0) 7
¢ L C
L1, -1, -3>.

VECL-L 1) =

UV =

So, paramelyic eguarions for e porwal e an
x= X, +at = [ #+&
gy = Jor bt = -/-1
z = Z, +ct = /-3t
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Example 9 (14.7). Find the local minimum and mazimum values and saddle points of the

function
fla,y) = 3ey — 2®y — xy® + 2.

Fo =3y —2xy —g%  f =2y Fyy= o2
}y: 32 — %2~,2z7/ Jﬁz;v — 2‘27“”QX
D= /omél_y ”(/zy)zz 42y —(242—23)&

Critical po/ns ¢
D« #x =0 = J(3-27-y>zo = Y=o or y = 3-2%
oty =0 > sr-atzmy o > mes- xR
Sebg . ;/:0 /’,,-/—0 eq'?@ ____> 9([_?’_2)-:0 _.T> 2 = O ¥ n =5

= | (0.0, c2 0>

Swbe- Y =2-2x Jwh y4’@ = x(2-% -2(3-22>) =p
= x/3-x—€& L 4x>D =0
S K (k3520 > xzo or e
Ard X o = Y=2-2.0 —» (0,232)
x =1 = J= CL))
50/ (v, 0) (3, 0), (5,3) (1 1)| are fhe eriticad porinks of p.

Da,0) = D(3.0) = D(0,3) = -9 < 0.

Lo, (0,0) , 05,00 gnd (o, 3) are vaddle PoINIS.
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Example 10 (14.7). Find the absolute mazimum and minimum values of f(z,y) = x* +
y® — 22 over a triangular region D with vertices (0,2), (0, —2) and (4, —2).
Crlt cal ot ‘n D° r
— — (0,2 z
O:ﬂy——jy—o?y—;o $£2 .ys*"’*
L+ Lg

(1, o) /s Jhe 0/7// critied ;70/“/?}/ whih

77 f — 5
//lé{ /'nf/'z/e D. T LD\

7/{/,0): /+0-2 = —) 7

EValipate Jéd/w?/ L/ D 2= 0 => jfm, Yo = \72
I = yZ fa rrinimamt al~ gy =0 a1d peaxp ar y=%2-

£, £ (o, +2) = 4

£Co, 00 = 4

2=y =2

e

O+« x < 4

2 7
LrVd/ll//‘g jgdjo/)j AZ' j: -2 -::> 3/[2'/—-2) — X 4

- _ o =
Jexo = X% 2x 4G = J/ =2 = 2%
== X =/ ‘e a ef/ﬁmc/nwﬂéé}”,
fCl,-2) = 3
L (aq,-20 = [c-3+4 = /2
2

f along L3 J:’77—2":))5(22—91%2)—:252’74_,(—2—*2)2"29( —2X At 4
gt = 2x®6x+ 4, ozxz 4.
glexd) = 0 = g4x - =0 =2 x= %5
7C%) = JZ(Z) 2= % £l -2 =12 Max.

1177 L0 Sy s
= ) 2

Need geo, (D, J(2 ).

FllLoo == Min.
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Example 11 (14.7). Find the point on the plane
T—2y+32=26
that is closest to the point (0,1,1).
Lot (x. 9, z) be fAe point on e plane 2 - 2y + 8% = €-
Then the destonce ]%/?7 (% 4,z> 1o (o,1,1D =
J%= -0 % (YD c=-D° D

=2
Pab x—2Y #3832z =g = = = €—xr2y = 2~éLX'f'—3—é’
=2

ebstituling into )
012,, 2 N2 _ 7 9
= %k(yy—ﬁ(/ gch_g,g)
We want o minimize £
_ . 20\/-LY =
OO RS Ul il i
= U +t2//- « 2 _
J ("5 295 (3) = -
_go/t///?/ f,,:o ? . 9
v —
fyz=o § I8 Bt = (2, Z) oy ane

cr/fical point - — 2-L/ &
z Zg(ﬁ)f—%(%):%

=2

:‘gaﬂf cx 4.

4l+‘2é 2
/' — /
9 9 J 3

Thuse  fe ofy et ! ) -
) ﬁcv//?/‘ 7o (0,1, () on Me plane I< 5. £ ,,7
( ) F ( ﬁ) ;; (197
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Example 12 (14.8). Use Lagrange multipliers method to find the point on the plane

r—2y+32=06
that is closest to the point (0,1,1).

Lot (x4, Zz) be e point on /fwf;/ang x,2y+22:€~
Then e distonce from C(xy,2> 1o (0,1, IS

J%= G-+ (Y -D% cz-0% 7T peay 2>

/‘/l/e waont fo  muniiiz e ]é(q;// z) = 22‘+ /j—/)%,a(z-/)L
f4bj ect fo
Jx 42 = x—z2yr3z=¢
v/ = Ay = < 2 20y-D,2(z-D> = 1L 1, -2, 37
O~ 2x = )

AzZX > = /-2
O 20y eg o EOTOE R §=

(0:.27
@_9 2(z-D = 24 2 (z-10= &>

= =z = /+ 23X
@—> Q—Qj%é’Zﬁé

Swby. Y= /-2 erd Z=/+2% )ﬂ?’v@j
x - 2(/-2%2) + 2(/+ 20 = ¢
X —2 4+ 2AH 42+ Fx =& P (4x =5 = 2 =2

(=
and <0, Y= [|—2/ 5 \ = 4+ _ =2 =
’ (14 4 7 > Yy = /7
z = /+S/i’): 27 s |[z= 27
/4 /& 773
//'f minmized ab (f; =, 27 ) That ks He
/4 7 /4
poin) on fhe plane closest fo (o,1,1) is (ﬁ—— 2, 2T
+ °7 " I+
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Example 13 (14.8). Use Lagrange multipliers to find the extreme values the function

f(z,y) =2xe? +5
subject to x* +y* =2

2 2

jm’/j): x "+ g
VS = AaY) = L50d, axed> = 4 Lox.2y>
D >  sed = zax  As ed>0 =<0, 47
& 7 /”Xej‘:ﬁ/ﬁj o, A= e’
& — x%+yS=12
fubfﬁ'/‘ﬁf/'/y A= e’ /nto @/ Qé/: /y
>

—_—

4
f> j = 22\
4//497‘/;‘://7‘7 /;zl S o & g/ves

T =2

x? » x%_2 —o
(12+22 (25 —)) =0
=2 25 = = |x=1 ).

g = 2 = |y =
So, A A extreme valun at CL 1) and e-1. 1> .

FlL D = 2e+5 <«— Max
£ C-LD=—2epr5 «— My,
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