
MATH251 - Spring 25

Week-In-Review 5

Note: As sections 14.1 - 14.5 were covered in the WIR session last week, this WIR session

focuses on the remaining sections (that is, 14.6 - 14.8). Students are strongly encouraged to

review last week’s WIR session.

Example 1 (14.1). Sketch the level curves of

(a) f(x, y) = ex + y at z = 1, 2, 3.

(b) f(x, y) = ex
2+y2 at z = 1, 2, 3.

(b) f(x, y) = ln(x2
+ 9y2) at z = 1, 2, 3.
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Y

at 2= 3

atz = z

Let z = c
,

a constant in therange of f.
&

-

-

Then ex +y = c => y = -ex+ c
at z = 1

-> - R

In particular
,

c = 1 = y = - e+

c = 2 = y = -e+2

c = 3 = y = -
2+3

z = c with 2x1 = c =
ex2+y

ay

=> x2+y2 = Inc
2 =

2

In particular , c = 1 => n+y 2= 0 z = 1

c = 2 = a2+ y 2= 1n2 20
· >

x

c = 3 = x
=

+y2= In3

z = c
,

where c is a constant implies
In(x2+ gy) = C

=> 22+ dy2= e= ay

2 = 3

3

In particula

,z =

2 = 2z= 1

x

!
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Example 2 (14.4). Consider the function

f(x, y) = yexy.

(a) Find the linearization of the function at the point (0, 3).

(b) Use di↵erentials or the linearization to estimate (2.98)e(0.03)(2.98).
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-> f(0,
3) = 3

ab

(a) fr (x
,y) = y

-

-xy =>> fy (0
,
3) = 9

fycx, y) = ePY+ eyehy => fy 10, 3) = /

The linearizationf at Ja,
b) is

((x
, y) = f(a ,

b) + fu(a,b)(x -a) + fy(a,
b)(y -b)

= 3 + q(x -0) + 1(y - 3)

((x,y) = qx +y

(b)
(2 . 98) 2

10
. 03) (2 .982 +10

.
03

,
2

.
98) = 110.

03
,

2
. 98)

= 9(0 . 03) + 2
. 98

= 3
.

25
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Example 3 (14.4). The radius and height of a right circular cone are measured as 6 ft and
10 ft, respectively, with a possible error of at most 0.1 ft. Use di↵erentials to estimate the
maximum error in the calculated volume of the cone.

Example 4 (14.5). Let f(x, y, z) =
p

x2 + y2 + z2, x = res, y = ser and z = ers. Find
@f

@r
when r = 0 and s = 2.
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v = Trh .
dv = ? when r= s

,

h = 10
,
dr =

&h = 0
.
1.

dv = Vr . dr + V .
&h

=
erhodr+

=T .
(6) (10) (0 . 1) + 1 . (36) (0. )

= 417 + 1
.
25

= 5.
215 ft ?

- = x = 0
, y = 2

,
z = 1

.

=
=+y2+22

· es + y ·
ser +

=
.

sers

↓ 22+y2+22 ↓x+y2+22

= o

+ 12) + %(2) =

&Try8r
=o and s = e
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Example 5 (14.5). Find
@z

@x
and

@z

@y
if x2

+ y2 + z2 = 2exyz.

Example 6 (14.6). Find the directional derivative of f(x, y) = x sin(xy) at P (1, ⇡) in the
direction of the vector v that makes an angle ✓ = ⇡/3 with positive x-axis.
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Define F(K, 4, 2) = 12+ y2+
22

-
zey2. Then

= - = -(2x-2yz
(22 -

2xy =xyz)

== -(ey-ze
122 = 2xy =xyz)

TACK,y) = (fu
, fy] = <Sinxey + mycasing ,

atas lay>

-f(1, T) = - T
,

- 1)

The unit rector in the direction of v is v = cosoit sinc;

i.e. = (costy , sin= ,

Dof (1, T = Of (1,) · u

= ( - T
,

-1) . (t-)
=

- (T+ 55)
2
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Example 7 (14.1/14.6). Suppose f(x, y) = 2xy + ln(4x+ y).

(a) Sketch the domain of the function.

(b) Find the directional derivative of f at P (�1/4, 2) in the direction from P to Q(3/4, 1).

(c) In what direction does f increase fastest at P? What is the maximum rate of change?

(d) In what direction does f decrease fastest at P? What is the minimum rate of change?

Copyright © 2025 Math Learning Center MATH251 WIR 5: Page 5 of 11

(a) Only the restriction is 42 + y > 0.

So, y - - 42

1 = <+112) = 2-"

=
-f(x

,y) = <29+y
,

2n

+ety]
of (2) = (4 +4 ,

2 . (k) ++)
= 48

, /)

Pot( , 2) = 18,·= = [8-1]=
(2) The function of increases fastest at P in the direction

o < 8
, 1) (or < 16

, 17)
,
and the maximum rote of

change is 148 , >1 =J=st
2

(d) The function of decreases fastest at p in the direction

of=18,) = <- 8
,

-/) (or < -16
,

- 1) , and the

the minimum rate of change is -18, %)) =-
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Example 8 (14.6). Find equations of (a) the tangent plane and (b) the normal line to the
surface x2

+ y2 + yz = xz2 at the point P (1,�1, 1).
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Define Fro,y,z) = x2+ y 2+yz-az
2. Then the love surface

For, y, z) = 0 produces the given surface,

YF(x
,
y, 2) = (2x -

22
, 2y +z

, y -
2nz).

-F (1, -
, 1) = (1,

- 1
,

- 3)

(a) A normal vector for the tangent plane to the given surface

at PC1,-1, 1) is = OF (1,
- y 1) = <1 - 1, -3) ·

So
,

an equation of the tangent plane is

(1
,

- 1
,

-3) . (x - 1
, y - 1-1)

,
2 - 1) = 0

x - 1 - y - 1 - 32 + 3 = 0

x -y - 32 = -

(b) A direction rector for the normal line atpo is

v = VF(l, - 1
, 1) = 24 - 1 -3).

So
, parametric equations for the normal line are

n = no + at = 1 + t

y = Yo + bt = - - t

2 = 2 + c = 1 - 3t
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Example 9 (14.7). Find the local minimum and maximum values and saddle points of the
function

f(x, y) = 3xy � x2y � xy2 + 2.
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fu = by -

2xy -yz fxx = - zy fyy =
- 2

fy = 3x-u2-cay Fay = 3-2x-2y

D = Fantyy - Lay)
2

= Pay = (3-2x-2y)2
Critical points :

0 = fx = 0 = y(3 -2x -y) = 0 = y = 0 ory = 3 -2x

② fy = 0 => 3x - x2
- 2xy = 0 = x(3 - x -2y) = 0

subs : y= 0 into eque -> n(3-x7=0 = x = 0 ora =3.

=> 10 , 0)
,

13
, 03

subs · y = 3-2x into eq = x(3 -x - 2(3 - 2x)) = 0

=> x(3 - x - 6 + 4x) = 0

=>x(3x -3) =0 = x = 0 orx = 1
And

x = 0 => y = 3 - 2 . 0 > 10 , 3)
x = 1 = y = 1m (1

, 1)
So

, 10
, 0) ,

13
, 0), 10,3)

,
11

, 1)
are the critical points of f.

D(0
,
0) = D (3

,0) = $10
,
3) = - 910 .

So
,
10

, 0) ,
13

, 0) and 10
, 3) are saddle points.

D (1
,
1) = 4 - 13 - 2 - 272 = 370

S

fun 11
, 1) = -2 co

.

So
,
I has local max at

(1
, 1), which is f (1, 1) = 3-1-1 + 2 = 3.
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Example 10 (14.7). Find the absolute maximum and minimum values of f(x, y) = x2
+

y2 � 2x over a triangular region D with vertices (0, 2), (0,�2) and (4,�2).
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Critical point in D :

0 = 7n = 2x - 2 = x = 1

o = fy = 2y = 0 = y = 0

(o) is the only critical point,whichlies inside D
.

·f((, 0) = 100 - 2 = -
10

,-2)Lz (4, -2)

Evaluate f along2,:n = 0 => f(0, y) = ye
,

- 2 = yE2 .

giy) = y2 has minimum at y = o and may at y = 12 .

So
, f (0, 12) = 4

7 (0, 0) = 0

Evaluate falong Lei g = -2 fla,
-2) =

u
g(x) = x2- 2x + 4 = g((x) = 2x - 2 =0

=> x = 1 is a critical number,

f(1, -2) = 3
2.

4..5 + 4 -9 =
- 6.5

f(4 ,

-2) = 16 - 8 + 4 = 12

f along - : y = - x +2 => f(x
,
-n +2) = x 2+ 1- x +2)- 2x = 2x26n+ 4

g(u) = 2x2- 62 + 4
,
0214 .

g((x) = 0 = 4x - 6 = 0 = x = 3 - Need g(0),&(4), &(3) ·

g(3) = f(3)() = = f(4
,
-2) = 12 Max ,

g(0) = f(0
,

2)

- already computed .

7(1, 0) = -1 Min.
g(4) = 5(4

,
-2)
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Example 11 (14.7). Find the point on the plane

x� 2y + 3z = 6

that is closest to the point (0, 1, 1).
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Let (n
,

%, 2) be the point on the plane e - 2y + 31 = 6.

Then the distance fromx
, y,2) to 10, 1

, 1) is

d2= (x -0)2+ (y-
2
+ (2 -xz - 0

But n-2y +32 = 67 z=2y = 2-x+

substituting into 0,
d= x2+ (y-

2

+ (1 - u +zy)2sayfe,y).
We want to minimize f.

fu = 2n + 2(1 -

2 + 2)(4) = 2x - 1y - 2
fy = 2(y -y +2))- + 2)(%) = -

My +26y-
Solving 3 gives (, y) = ( 1) ,

onlyone

critical point. 2 = 2-y))+ (%)=
Thus

,
the closest point to 10,

1
, 1) on the plane is (1)
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Example 12 (14.8). Use Lagrange multipliers method to find the point on the plane

x� 2y + 3z = 6

that is closest to the point (0, 1, 1).
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Let (n
,
%, 2) be the point on the plane e - 2y + 31

= 6.

Then the distance from (, y,2) to 10, 1, 1) is

d2= (x -0)
2
+ (y-

2
+ (2 - 1)2 saf(ne

,

2).

We want to minimize f(x, y, 2) = x2+ 1y-1)
2

+ 12-12

subject to
g(x, y, 2) = x - 2y + 32 = 6.

If = 30g = (2x, 214- 1)
,

212- 177 = 4/1
,

-2
,
37

0 - 2x = 6
3 = 2x

&(y-1) = -xy = 1 - 2x

② -> 2(y -1) = =2) =

③ 2(2 -) =3) 2(2 - 1) = 6n = z = 1 + 3x

# - x- 2y + 32 = 6

subs · y = 1-2n and 2 = 1 + 34 into@ ;

x - 2(1-2x) + 3(1+3x)= 6

x - 2 +4x + 3 + qx = 67 (4x = 5 = x=
and so

, y = 1-2(f) = y == y=
2 = 1 + 3)==

f is minimized at (9) .

That is
,
he

point on the planeoldest to 10
.
1
,
1) is (,,).
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Example 13 (14.8). Use Lagrange multipliers to find the extreme values the function

f(x, y) = 2xey + 5

subject to x2
+ y2 = 1.
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2

g(x,y) = x2+y

08 = 109 = <201
,
2neb) = <(2x ,2)

0 -> Re = 2xx As el >o, x+0
,
670.

② -> An e = 2xy so
,

3 = 2
③ -> x2 + y2 = 2

substituting 3=e into E
, nely

=> y = x2 .

substituting y=r" into ⑤ give

x2+ x4 = 2

x4 + x2
- z = 0

(x2 + 2)(x2 -1) = 0

=> n+ = 0 = x = 11.

y =
x2 = y = 1

So
,
I has extreme value at 11

,
1) and C-1

,
1).

f((, 1) = ce + 5 = Max

f(- )
, 1) = - ze +5 Min


