. TEXAS A&M UNIVERSITY Math 308 — Week-in-Review
M

Math Learning Center

Week 3: 2.6, 3.1

2.6: EXACT DIFFERENTIAL EQUATIONS

Review

e The equation M (z,y) + N(z,y)y’ = 0is exact if

oM _ DN
97 ox

e How to solve an exact equation:

1. Define ¥, = M and ¥, = N.
2. Integrate to find ¥ (z, y).

3. The equation becomes di\ll(x, y(x)) = 0.
T

4. Integrate both sides and, if possible, solve for 3.

¢ To find an integrating factor to make an equation exact:

1. If u depends only on z,

/)( _ /0,7"/\/)(
K =
v
2. If u depends only on y,
— NX“M]

/Ay“M/“
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Exercise 1

Determine if the equation is exact. If it is exact, find the general solution

2z + 4y + (22 — 2y)y = 0.

2% IV _
gy'l‘/# . Z

Ix
TL\& 6{«4{"% ‘5 hoi‘ éxat/.

Exercise 2

Find the value of a for which the equation is exact.

32° — ary + 2+ (6y* — 2* +3)y = 0.
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Exercise 3

Determine if the equation is exact. If it is exact, find the general solution.

2—In(2))y =2 +6x, z>0.
x

—

J C
I b+ (Z—A.(xﬁj =0

214____ -1 = oM - L (/ekaC'{
’)j x X X
% = ;__6)( y/: —y(n(k}’ij"" C(ﬁ)
X
=)
51; = 2 luod Vo= 27_j1m\+C(x3

Dﬂélc ¢q be comes -

4
:(—; y/(xﬂ(’d) =0
Iw‘("?va'(‘ﬂ ‘AJ‘FLV 6:&(-&97

%CX;‘?\:C
2xt¥cC
—3,% = = -
57 ) — 3 x 27 C >/ J Z-lun(x)
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Exercise 4

Solve the initial value problem and determine where the solution is valid.

2y —2)y' =y -2z, y(l)=3.

Zx-y +(Zj -X)7\=O

Mj = —/ = /\/X = —/ \/Z)(aa+
Te - =y S Ve Xk e

‘7“7 = 24-x t = Y - xg v )

=) y/(x,y) = XZ’X‘y +]‘

%X)‘7) = C

Y xgext-C =0

S P S oy
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2% = 3%’
z ¢ ﬁ
X = 73

[
2% A= l%
_ S’ﬁ <X £ )= - x
3 = 3 ’jz-s ‘ Jgé

3 3

[Sp(w‘é»‘ow T8 Je!;m@ on C‘Fg‘ F’-%D
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Exercise 5

Find an integrating factor that makes the following equation exact,

1+ (g - sin(y)> Y = 0.

/A. +(?" -5:»47))/47‘: O

& ands ou(J om X - /A é(@oaqts au(,y on yi
= M7—Nx = N)‘ _/17
M v Fy T
L
= O~ _7l_ = 7 ©

50) j t (X“y ‘57“‘13)>7\ =0 /% 6.)(4(‘1".
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PRACTICE: SOLVING FIRST ORDER ODES

Review

¢ You do NOT need to guess which method to use to solve a 1st order ODE!

e How to determine which method to use:

1. Is the equation separable?

I'p 766) “H,lem use S-epaw:'(‘:au o‘l‘ er.“ua,_

2. Is the equation linear?

It ges, Hew wse Hie metlod ot iu+7w'1}j tectos.
2. Is it a Bernoulli equation'?

Tt yeo, Hun wse v=g'™ b oo lincer equdion
3. Is the equation exact?

I! yes, Hew wse Ho method Lo exact quif-*ms.
3. Is it a homogenous equation??

I:-p yes, ‘HAM use V= ;j +o jc‘(‘ a Sept\mue— e{u&‘«‘ou-
4. If none of the above,®

H.en +"‘j +o Lind an iu‘l’fjvtt‘iy -A,"/‘or/q, fo meke Hee
e,z,“fcon. exect.

A Bernoulli equation has the form ¢’ + p(t)y = q(t)y™. Not all instructors cover this. You can find examples of Bernoulli
equations in Section 2.4 of the textbook, #23-25.

2Thisis NOT the same as the homogeneous linear equations that are covered in Chapter 3. The terminology is confusing.
‘Homogeneous equation” here refers to a st order ODE that can be written in the form ¢ = f(£). Not all instructors cover
this. You can find examples of these in Section 2.2 of the textbook, #25-31.

3Not all instructors cover making an equation exact by using an integrating factor.
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Exercise 6

Find the general solution to the differential equation

df

L =" f — 3ze”.

dx

x

ﬁ "6"7[ = - 3xe°

Ak

AL oo f =3

Iw//,t{ = _ex+/70

M (x) = @-6

ée x ../,x %
\J‘Z; (é—‘ "l\(x)>l¥ :f— 3e Xe,e /(x

X
-é _3 z
e ‘lﬁ(x\ = - X t+C

"3 P4
‘ﬁ(x\ = "

(V\)

e e

™)
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Exercise 7

Find the general solution to the differential equation

g’+x2;1:0.
éj— = - XI‘”
AX j
[1% = - Jorie
29 = T3xoxte
j?': _‘gz‘xs—Zx*-C
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Exercise 8

Find the general solution to the differential equation

(sin(x) + 2%’ — 1)y’ + ycos(z) = —2xe.

Lxe’ *yees () + (smexd +x%e "0 7\ =0

M
5} = ZXe, 74— cos(x)y = %’/\:— = cos(x) +2><e7 \/éxﬂ0+
_ 1
t = er "'y@}/x) (7U:’- xze,7+jsh-(x\ -(-(,(7)
=
(f/y = Sk (x) ﬂ—xzaj-—[ = 75»“4)() +xe 7—7 +C(x)

‘f/LX,'ﬂ = x e 9 5 () -y

X “e Y 57 (R) -y = ¢
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Exercise 9
Find the solution to the initial value problem

1 -2z
=2 =2

fj 4y —'—/(l—zxux

X = x?€cC

i

%71

& Zx—ZXZ'FC,

fj(x) = l")kzx_thc

RN
~
N

{1

l-2+c=¢4

C =Y

90 = = Jocary
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Exercise 10

Find the general solution to

3.1 SECOND ORDER LINEAR ODES

Review

¢ A second order linear ODE has the form

P ¢ + QB +R(Dy =G )

e A second order linear ODE is homogeneous if

G(+) =o.

¢ |n the next few sections, we are interested in second order homogeneous linear ODEs with con-
stant coefficients.

W \
A ‘j + b7 + C_j = 0
e Process for solving a second order homogeneous linear ODE:

Look for solutions of the form y(t) = e".
Find the characteristic equation.
Find the roots of the characteristic equation.

P S R S

The general solution is given by
vy v 'f
- Distinctrealroots: ¢ e +c,e *©
- Complex roots: Section 3.3

— Repeated real roots: Section 3.4
5. If you have initial conditions, use them to solve for ¢; and ¢,.
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Exercise 11

Find the general solution to the differential equation

y' — 4y +3y=0.
t

7\[9: = . rze"f-‘—{wc"ff 3 t=0

y ) = re

7\‘(4’) =t (r™-dr+3)e" =0
ro—4v +3 =0
(r-3)(r-1) =0
=1 3

9 (+) = C, eéfczegi—

Exercise 12

Find the general solution to the differential equation

2y —yl = by =0.

lri-r -5 =0

= +lij/+‘1(z)(9) (* Ja
2 (2) 4

| +J71
L{

Page 12 of 13



TEXAS A&M UNIVERSITY
;‘FW Math Learning Center

Math 308 — Week-in-Review
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Exercise 13
Solve the initial value problem
ff=2f —8f=0, f(0)=3, f(0)=1
=2 -8=0
(r —H}(VW-'A:O
r=-2,4
-2+ at
'#Z{’) = (€ +C, €
10(03 = ¢ «c, =3 = ¢ = 3-¢.
\ -2t ya
'_ﬁ /{') = -2c¢c e +L{Czeq
\
10/053 “‘Z.cl + e, = ‘
= —z(s—cz> +Yec, =/
-é -(-Zcz'*‘"fc-,, :I
éC—‘z_;;Z C:S—C;M:L
c.= Y | < 6
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