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Matn 308: WEEK-IN-REVIEW 12 (7.5 - 7.6)

7.5: Homogeneous Linear Systems with Constant Coefficients

Review

o [ow to solve a homogeneous linear system with constant coefficients (when you have distinet real
cigenvalues)

Assume your solution has the form x(t) = £e™.

Plug this in to get an eigenvalue problem.

Solve for the eigenvalues r; and rg and the corresponding eigenveetors €11 and ¢'#),

The general solution is ¢ &M et 4 o€ Perat,

oo e

o Phase plane/portrait: A phase plane/portrait is essentially a 2D version of the phase line. It shows
you where the solution moves as time passes.

o An equilibrium point is a point where if you start there, you will remain there forever. The origin
is always an equilibrium point of the differential equation system x' = Ax.

e Stability of equilibrium points

— Asymptotically stable: If you start near the equilibrinm point, you will be sucked into it as
t— 0o,
Stable: If vou start near the equilibrium point, you will stay near it.

— Unstable: There is at least one point near the equilibrivm point that goes away from the
equilibrinm point.

7.6: Complex Eigenvalues
Review
o To solve the system x” = Ax when you have complex eigenvectors:
— Solve for just one of the eigenvectors,
Separate £e™ into its real and imaginary parts,

— The real and imaginary parts form a fundamental set of solutions.

— (Assuming that A is 2 x 2. If A is larger, then there are also more solutions.)

Copyright (©) 2025 TAMU Math Learning Center 1 Math 308 WIIt 12: P&gﬁ 1ol 9

wirl2 Page 2



uuuuuuuuuuuuuuuuuu
. Math Learning Center Mﬂtl',f,m - .‘:‘pr:::g 2025
EEE-TN- L EVIEW

I. Find the general solution, sketch the phase plane, and determine the stability of the equilibrinm
point at the origin. A X
, 12 X( 'E) = ( 'G:\
e Y X (H
Eigenvalues :

det (A-AL)= A-kr AL +det A =0
teA=1+4=9 , dex A= Lg—(-1-2)= 44+2=0

A -5+ b= o (A-2(A-2)= 0
A=2, A= 2

trﬁenve,c’cors. A= 9" (A- 5I>V 0

(- 2 V0 ®)> (2 )(@ (3)

\

v= () N etb=00=b
\
> —a+1b=0=2ya=b
)\ 1 (-\ ( ) (\ ___[’)T*\
2% At
X(Jc)-Ce V+Ce\/ asjmf
2t 3t 2
(a} . StH* c.e B} £ ve
\j‘:)( A=2.
’kunS“'ﬁb\Q ﬂOdQJ* /y >xl
A=
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2. Solve the initial value problem when x(0) = [IJ . Draw this solution on the phase plane and sketch

2k 2¢ 97|
xuc\-ce [:—\-C_Q, 2

the graph of z(t) and za(f).

_ 9 21> C\::O)Cy_-':l
X (o) = C Kv}i-c X X

2

?_t
X ("7) | 1- \ S
> ”X.,

Y= x(’c) g

—

] £

Copyright (©) 2025 TAMU Math Learning Center 3 Math 308 WII 12: Page 3ol 9

wirl2 Page 4



uuuuuuuuuuuuuuuuuu
. Math Learning Center Mﬂtl',f,m - .‘:‘pr:::g 2025
EEE-TN- L EVIEW

3. Find the general solution, sketch the phase plane, and determine the stability of the equilibrinm

point at. the origin.
T} = —Hzy + 4z '{'/(A:- -ﬂ

L X [%. -AX*K 4o dekA=\Lf

1= kem) Ay dec A= 0 N+9A+[4.=0
(M:n(mz)-w;l A= 2

W Q%_ 5) (1) ()% 2D

. 2) , ~30+4b= 0O

A <-3/Z —2_) b} ( ) 0= 4b
~2k (43
X (¥) =CE%[ —&_* ¢,¢% [Lﬂ

-7t -2t
o) e 7 e

\ W £ 5
asym to{:\u\ua,, >X‘

Skab\e “D
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4. Find the general solution, sketch the phase plane, and determine the stability of the equilibrinm

point at the origin.
¥ =x+2y ,E(A — 6

«A L BM ;11;*3" S

(- 5) 0> A= (re?eo&ecm

r=3- (a-31)v=0 3 <—_2 0 (b):(0>

_ onH one
a=b ) \/|"<] eiae_nuec\v
 generalizd eiopnickv

\(1: 4:\/\+LI) where (A 2;1)\) Vv,

(2 2)(%): (‘\)v—zunu-(

2u \+2u
U-C)) u-‘/z"> U= (\/25

|
unstable
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5. Find the general solution, sketch the phase plane, and determine the stability of the equilibrinm

point at the origin.
.
Jf:’ =dr+y _E( _H . 4

IS

1-4A+5=0, A= LE:'\M;' 2

2TV

L= 2+ /3-(2+0) | ' . :(00>
_—Z \"(‘2.\'\')

l_% 3() SE O Q.—.(f‘m\q,
%rmﬂg, (ab)'(ib“ﬁ“@

\/:Q«\—Lb Q

X(H)=C,. XOW"S("Q bS\n(ntﬂ
+C, e [\o cos(n¥) + Qsin(ntﬂ

X(g) = [ l\COS(-k) (Oj Sin (k}
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fi. Find the general solution, sketch the phase plane
point at the origin.

o {]

2

A

—
-~

20 - -2\/4

-'2L

\(\

ZL

X&) = C)[<C:BCOS(2‘E) ~

b Los(2t) + <%8’m (26:\

-c,§in(2t) + czcos(zeﬂ
C‘cos(zt) + ng(h(Z‘D

+CZU

—
—

\(%

] md dete rmuu the stahbility of the l‘(]'l:llllhllllI]’!

M—q_ 0> A=
-2 .0 -— 2)0 O
2a - ZL‘O O

Q)ri)gazeid
(V)sin (m]

---2
u

P
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7. Find the general solution, sketch the phase plane, and determine the stability of the equilibrium
point at the origin. Solve the initial value problem vﬁvith x(0) = [_21] .

NAA

’lz-(’chX-\-c\el-ﬂ =0 o [1 _8] tr A="2

z 5 L =3 der A =9

A +2210=0 . | . _HZ;\‘
2 (7(1-1)1—\—4_:0 > (A+)=-4 3 A+l= T2l D|AT ~1E4L

shable

- (-1+20) -8 qu (2—1; -3 )@)__(%
‘ Ca—(-1420) b ) -2-2c

S oo =ArDb > V= (l(‘l%-é\j _ ﬁ);r i(i)

X)= ¢ [ Con (k) — &jm‘m(va]+ c; (%)w(aew(ﬂw\(m]
=1
(- 6D > o= [ilal] L]

x

¢ =12, L‘.‘\‘ZC =—|
V 6>C’5/2
~

%,

|

X&) = EE “ﬂ Con(2k) — (9(_)) Mn(mﬂ]"% o (%)cea(aew(ﬂw\ua]
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#. Classify the types and stability of the equilibrium point(s) of the system
det = D
2

o a—1 o+l -
R 7 5 T U

for different values of the parameter o, 3 E‘C'\Uk

7 = Stk
'X-QorA)?\-\'lef(G) O T omes

= L b A XAl A= gdetir
=5 “cmet!/ /] )l
¥ TL- 4—D <0 (s?{mls,ceme@
vy T LD 7/() ( nodes)
. du k<0 (sadile) det A

md& A <O

1l <0
d+3

-1
<73

(trA)dQ%ABZ (T)D>: <‘%)°H"—5\
D=T+ |
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