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If a = (a1, as,a3) and b = (by, b, bs), then the cross product of a and b, denoted by
a x b, is defined as

i j k
axb=/la; as az| = (agbs — asbe)i+ (agby — a1b3)j + (a1by — azby )k
b1 by b3

The cross product a x b is a vector orthogonal to both vectors a and b.

Example 1. True/False.
(a) The cross product v x v =10 for any vector v.

True False
(b) Suppose a and b are nonzero vectors. Then a x b # b x a. However, |a x b| = |b x a.
True False

(c) Suppose a and b are nonzero vectors. Then (a+b) x (a—b) = a? — b2

True Fualse

(d) Consider a line given by parametric equations z + 2 = Y 5 = % ®. The vector

(1,3,5) is a direction vector of the line.

True Fualse

(e) Consider that a plane Py is orthogonal to the line given by equations
r=—-14+t y=2t z=3—3t.
Then v = (2,4, —6) is a normal vector to the plane P; .

True False
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Example 2 (12.4). As shown in the figure below, let the vector a lies in the xy-plane and b
is a vector in the direction of k. Suppose |a| =5 and |b| = 4.

(I) Compute |a x b|. b

(II) Use the right hand rule to determine whether the components of a x b are positive,
negative, or zero.

Example 3 (12.4). Consider a triangle ABC with vertices A(0,0,0), B(1,2,0), and C' on
the y-axis. If the area of the triangle is 3/2, determine the coordinates of the vertex C.
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Example 4 (12.4). Find unit vectors orthogonal to the plane passing through the points
A(1,0,0), B(0,1,2) and C(1,1,3).

Example 5 (12.4). Determine whether the points A(0,1,2), B(2,1,0), C(—1,4,-3), and
D(4,1,-2) lie in the same plane.
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If P and Q) are two points on a line L, then the vector equation of the line segment
from P to () is given by

(@,y,2) = OP + t(PO) = (1 - )OP +t00  0<t<1

Example 6 (12.5). Suppose the line Ly passes through the point P(2,2,5) and is parallel to

the line 41 5
Y zZ—
2. X+ 3 5

(a) Determine symmetric equations of the line L.

(b) Find the point of intersection of the line Ly and the yz-plane (if any).

(c) Show that the line Ly passes through the point Q(3,5,7), and determine an equation of
the line segment from P to Q.
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Example 7 (12.5). Determine whether the lines Ly and Lo are parallel, intersecting, or
skew. If they intersect, find the point of intersection.

r—1 y+3
g = Z
3 8
r—3 y—1 =z-4
-2 —4 =4

Lll
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Example 8 (12.5). Determine an equation of the plane passing through the points P(1,1,3)
and Q(2,1,5) and is perpendicular to the plane y = 2x + 3z — 4.

The distance D from the point Py(x1,y1,21) to the plane ax + by + cz +d =0 is

- |CL$1 Sl by1 +cz1 + d|

vaz 4+ b2+ 2

D

Example 9 (12.5). Find the distance between the parallel planes 4z + 2y — z = 1 and
8r+4y —2z=T.
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Example 10 (12.5). Consider two planes 3z —y + z =2 and 2z +y — z = 3.

(a) Find the acute angle between these two planes.

(b) Find an equation of the line of intersection L of these two planes.
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Example 11 (12.6). Identify and sketch the following quadric surfaces.

(a) x2:y2+22

(b) 2> +y* =22 -2y —2+5=0

(c) 97 —9y* + 2> —9 =0
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