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T

Section 1.1

e Left-Hand Limit: lim f(z) = L if as = approaches ¢ from the left, f(z) approaches L.
r—c
e Right-Hand Limit: lim' f(xz) = M if as o approaches ¢ from the right, f(2) approaches M.
r—c

e (Two-Sided) Limit: lim f(z) = L if the functional value f(z) approaches L as x approaches ¢
e

(from either side of ¢). For a (two-sided) limit to exist, the limit from the left and the limit from

the right must both exist and be equal. Otherwise, we say that the (two-sided) limit does not exist.

e Keep in mind that when we are dealing with limits we are only interested in what is going on with
the function NEAR x = ¢. What occurs at x = ¢ does not affect the value of the limit.

e The line z = ¢ is a vertical asymptote of f(z)if lim f(z) > +oo or lim+ f(x) — too. These
- e Tr—C
limits are referred to as infinite limits.
e In this section, we learned how to estimate a limit numerically and from a graph.

e Keep in mind that when stating our answer involving limits, we use an equal sign only if the limit
exists (approaches a finite number). If the function increases or decreases without bound as we
approach the particular value of = we state the limit "Does Not Exist” but we can sometimes
describe the way in which it does not exist by using an arrow and +oc.

1. Use the graph below to find each of the following, if it exists.

() lim f(z) =[] 0 ) =[4)

r—21 2——0—

(b) lim f(z) =@ (g)[nim) DVE

(c) lim f(x) IDNE
@ im0 =[3]
(¢) Iim f(x) = _@

(j) For what value(s) of k does linllc f(x) not exist?
z—

k=1, k="
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Jomplete the following table and use it to estimate the limits below

i

2. Let f(x)

numerically.

oes not exist, describe the way in which lx d()(‘s not exist. If needed,
round your v.llu(s to four decimal places.

x f(x) x f(z)

3.1 | 558%.140 2.9 -4pz.1 7071
—3.01 |Yg3z2.133> —2.99 | -yy1. Y802
—3.001 | 4 lb. 2494 | —2.999 | -4140.LLEA

(a) lim f(z) DNE

-3~

hm ﬂﬂ -

lim  £(x) —= =0
X=-37

llmS (z) DNE \ * lnn f( DNE’

(d) What can we conclude is occurring on the graph of f(z) at = —37

e R
Lﬁ'«v‘s is o vevtical asymptote }

C.ﬁnoGF#‘s
3. Let f(z) = {(Dl() — 22,
- ; @Bz + 7,
Use a table of values to estimate IiTr f(z).
£(¥)=10-% x| fl =37
ya -14.0! 5V 22. 3
499 -14.900| 501| z2.0>
4.999 ~4.99001 5.00! 22.002
T not
__ lim £(<) D03
h‘ms_ £Lx) = 5 :;”5 Plx)y =12 35 gwst
X
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A

Section 1.2

e Let f and g be two functions, and assume that lim f(x) and lim g(z) both exists. Then
=k Ir—c
1. lim k = k for any constant k
I—c

2, limz=¢
I

3. lim(f(z) + g(2)] = lim f(z) + lim ()

1 limlf(2) — g(a)) = lim f(2) — lim g()
5. lil’}'l kf(z)="Fk _lirp f(x) for any constant k
6. lim[f(z) - g(x)] = [lim f(x)][lim g()]
lim f(z
7. @) M if l]m g(x) #0

e _;(J:) llm J{.L)

8. llml flz)|" = [lll[l f (T]] where n is a positive integer

9. |igl_ Vf(.r) = 'ligl_f(;!:) = VE, L > 0 for n even.

e To evaluate lim /(z) in this class, try direction substitution to evaluate both the limit of the

z—c g ;;r:)
numerator and the limit of the denominator. There are three possibilities:

nD?\-W*L 1. If you get a nonzero number as a result for both the limit of the numerator and the limit
_/ - . - .
no ~n-zevoH of the denominator, your answer is just the quotient of the two numbers. Note: If you are

dealing with a piece-wise defined function, you may need to investigate a little further.

2. If you get zero as a result for both the limit of the numerator and the limit of the denominator.
the requested limit is in indeterminate form (i.e. %) In this case, you must algebraically
manipulate (factor, conjugate, common denominator, write absolute value as a piece-wise),
cancel, and then do direct substitution again.

o
(o)

V_\o_"\_ﬁeﬁli. If you get a nonzero number as a result for the limit of the numerator and zero as a result
o for the limit of the denominator, (i.e. w}' then the limit does not exist and you have

an infinite limit. You can evaluate the function on either side of z = ¢ to further describe the

behavior. You can also conclude that @ = ¢ is a vertical asymptote.

\

op 274
5. If limzf(:r.) @ul ling(.r) :@E_W\LP/\
T T3

(a) lim (5g(z) — f(z) +z~4) = - hm jL)«)-hm £(X) + im x — lim Y

%92 %27
\/\/\/
T T o
I 1 o
f(.r)+ 10 = |52
©) % ga) - \ < i g1 - 1 & = -g-(2)
_ O = )-x* '™ T w2 ——g—
lion_(FLO) +10) = i mw s 10 =20 lim (g% Wl iy, s 4
wT \_/vv \/\‘6‘/ -8 (l;‘ns;)( = /L__
10 LA
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6. Evaluate the limits algebraically. If the limit does not exist, state so and use limit notation to

describe the infinite behavior. For each function, describe what is occurring on the graph of the
function at the value of = that the limit is approaching.
N—"_—~

2) ® 452+ 6 lin (*7’4— 5)(1'1.'\ = 3z+ 5(5)‘)'(0_‘ 30
(a J'u—f:lt Az2 + 13z + 3 >
_ 30 i (424 13% ) = 4(DHDTST TE
78 *7%

= (mmm )

\i«;\

(b) lim ﬁ;& lim (.Y"L-g.\)z (—4)1—8\ = 8['8( ."Qv
z—-9 322 4 20z — 63 x39-9 . ('q>-u‘5
=lim D (x-2) lim (3;&1"}0\(-(933 = 3(-9)*+20 |
ST o R Ve .
(=) (3x-7) ate Form 9 Do Mﬂeb
a3 1:wdc’f°""" trere, we J?aofor'.
*-9 3¢-7 ,
- -9-1 g ;@ LA hole at (-q)q/n\}
3(-a)-7 -34 17
—_— o ee:O
(¢) lim m ] im (v '5) = ({oHe -9 = 572°%

-3

lim  (x¥D)= -+ DL

im ( xz+lo '5\.(lx2+w as 5}
X->

|
. = Do A'ljeb"“'
% tnde heve , we ol TP b

ne Co'\:)vﬁa"’c .
(Fxz+iw ~ s ) x=ro + s) FoiLt
- e -5(s
= {xeriv T + ST 0 - DeFFTe E/(Vz
x>l 5

= xZ#lp-25 = %=1

O St —

¥7-D (w+3) (EHL+ D)
-3

i D )

x=2-3 (%) (Griv +9)

- -5 _’b = "2
_ lim x=> ) e

- 10
x=d> (o +5 {10 tO 59 =@
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(d) lim @t 43z lin (xZ2¥2%) = 3243()= 9+9° 18
3~ (.I' 3)2 *qav
A - 2 -
£0D lm (x=D*= (373770770
xe yHi A
18 nonzerw® o | Limit dOES . inite o prote
(o) (o not 12 ) hml"’ ) o x=3
T s tending tow avdS +°0 or —oo,
We prow e Wmtv.e nexr 3?0!1 e left) 1o determinC
we plvg in & va 100 |
< which® g(7.999)= 1177
7
- - : L_1-0
xa  * 97" 4"~ U Mcw,mmwh‘.x
- - =2-2=0
i im (470 =TT g Mge ora-’
e 1% w2 ter€, we o commiN
29 q-x er / !
|. xvq Awomlnw
- (g} qx \ " } -' ~|
X2 q-+% |(-—>c+"l L3O (30 _ i —L = -
—4 == lim QM\ 81|
s lim XA = lim " 9-x) L:q PTEA N i Tl %
T ymq I a-x X9 9% (1-* @ T .
7. Algebraically evaluate the limit below. Assume A is a real number such that A > 0
i Az} +2Aa liny (A)(H?,A%) > A(-2) +2A(-2) = YA-HA=O
rl:ll2 1?2 Fx 2 X‘?'Z Li q ‘O
= Jim Ax (+7) lim (xZ2+x-2) = (- =
w=-z (A0 \-z l bm,'
= m ﬁ_)&_ (wci,c/m[nafc FU//V'\ :'7 Do f"ﬁ'e m' |
x=-z (1) were , we £0C10C -
'z—\ -3 >
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8. Given f(z) below, find each of the following. If the limit does not exist, state so and use limit

notation to describe the infinite behavior.

1510 o€

£l -
@'13 j:, ifex<7
f(z) = % if 7 <2 <10
@')ir 4z, if > 10
4%
(a) lil!l‘ f(z) = lim £ -X
r—3 xqa"' 3
Sincc
me inter®
L
we Vo5& Rule 1
(b) lim f(z)
ince %=1 .
So. LAofEF i P
\5 *‘77-
we mst 100E - lim_ 2
ne- 5l T - 3%
d’ .‘mc 0 y\-?'l
mits. = %7
271
= Bl =4
4 ~~
(¢) m f(z) = |ip xFrx

1\:;5 =X

\
cvt- *s

im (@e¥) =357 12

*3 3"
n (-0 = 3770 e
*% A infin! =205
H ¢ limIT 1AV x=2 '
na-2e® 7 = 120135 not- lim ™y 5 vertic!
enst ) asy™

3.0001*+3.0001 _ _ 25007
3,-3.000)

‘ lim £(x) =2 —=°
)(-73"'

£(3.0000 =
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