
MATH251 - Spring 25

Week-In-Review 4

Example 1 (14.1). Find and sketch the domain of the function.

(a) f(x, y) =
p
xy + e

p
2�x

+ 3.

(b) f(x, y) =

p
4� x2 � y2

x+ y
.
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Example 2 (14.1). Draw the level curves z = k when k = 1, 2, 3 of the function

f(x, y) = ln(x2
+ y2 � 9),

and sketch its graph.
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z =

Domain : [12,y) : x2+y 2> 32]

z = 1 = (n(x2+y2- q) = 1
n2+ y2 = a+ e

,

a circle centered at the origin
with radius wate

. This means the height of the function
at
any point on the circle atty2 = + + e is 1.

= = 2 = In(x2+ yz -q) = 2
i . 2 . x2+y2 = g + 22

z = 3 = In(x2+y 2- q) = 3
i. e . x2+ y2 = g + e
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Example 3 (14.1). Match the graph with its function.

(A) f(x, y) =
1

1 + x2 + y2

(B) f(x, y) =
1

1 + x2y2

(C) f(x, y) = ln(x2
+ y2)

(D) f(x, y) = cos

p
x2 + y2

(E) f(x, y) = cos(xy)
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02

(B) = = a+y= 1
,

level curves are

circles

in

oc2[1 .

2 = 1 = (xy)= 0 = x=0 oy =0.
(E) The height of the function is I along

2 and y-axes.

r
2 = K

,
a constant implies

n2+y = e" ; the level curves are
circles

· High value ofK = bigger circle
(A) L

I -1121 .

2 = 0 7 (n2+yz=y + nπ, ne1 ,
=> Level curves are circles

.

(C) - 12211

== coscuy) = A
·

xy = 0 (in particular)

=> x = 0 or y = 0
-

The height of the function is

along the x-andy-axis.
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Example 4 (14.3). Find the first partial derivative of the function.

(a) f(x, y) =
ln x

(x+ y)2

(b) W (p, q) =

Z q

p

p
1 + t5 dt

(a) F (r, s, t) = r tan(s+ 3t) + 2t.
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fala, y) = - (x+y)- 2(nx)(x
+y)

(x +y)

- 3

fy(x, y) = -2(1nx)(x +y)
FTCL:&)

e

ef(t)at = f(x)
*
is a constant

Wp,)=

W(p,9)

Fr = fan(s +3t)

Es = v set (s + 3t)

F+ = r(ei(s + 3t))(3) + 2

= 3VseE(s + 3t) + 2
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Example 5 (14.3). Suppose f(x, y) =
p

9� x2 � 9y2. Find fx(2, 0) and fy(2, 0) and inter-
pret these values as slopes.
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↳
2 = fq - x2-gyz

fu =
-22 =

- x
x2+ gyz+ z2= 9

4/9-22-gyz-gyz
+

fx(2
,
0) = - 2

.

55
"

The graph of f is the upperhalf

This means the slope the of the
of the ellipsoid

tangent line at 12, 0, 55) on the

curve z = J9-22 (which is the intersection

of z =(9-x =-gyz and y = 0)
is fa (2, 0) =- =

-

m
=

y
Similarly,
fy = -gy u19 - x2- qy2

Fy (2, 0) = 0 , this means the
-
(3, 0 , 07

-

y
N

slope of the tangent line at (2, 0, 55)
on the curve = = -5-gy2 is

fy (2, 0) = 0. - gy2+ 22= 5, 250,

semi-ellipse.
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Example 6 (14.3/14.4). Suppose f(x, y) = exy � 3x2y.

(a) Find fx(0,�3) and fy(0,�3).

(b) Is f di↵erentiable at (0,�3)? Explain.

(c) Find all the second order partial derivatives. Is fxy equal to fyx? Explain why.
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fr = yee-bay , fy = nef-3x

(9) fu (0, -3) = - 3

Fy 10, -3) = o

(b) Since fulty) and fycuy) are continuous at 10
,
-3),

f is differentiable at 10
,
-3).

In fact
, I is differentiable everywhere .

12) fxx = y:
48
- by Fyy = x2-

xY

fuy = (fx)y
= 24y + xy =

3y
- 62

Fyxe = (fg)x = eny+ xycay 6x

Yes, fry = fyn as the mixedpartial derivatives are continuous.

/Clairants Theorem)
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Tangent Planes Suppose f has continuous partial derivatives. An equation of the
tangent plane to the surface z = f(x, y) at the point P (x0, y0, z0) is

z � z0 = fx(x0, y0)(x� x0) + fy(x0, y0)(y � y0)

or
z = f(x0, y0) + fx(x0, y0)(x� x0) + fy(x0, y0)(y � y0)

The linear function

L(x, y) = f(a, b) + fx(a, b)(x� a) + fy(a, b)(y � b)

is called the linearization of f at (a, b), and the approximation

f(x, y) ⇡ f(a, b) + fx(a, b)(x� a) + fy(a, b)(y � b)

is called the linear approximation or the tangent plane approximation of f at (a, b).

Example 7 (14.4). Find an equation of the tangent plane at the point P (4, 1, 2) on the
surface z = ln(x� 3y) + 2y.
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no % Zo

fu=
zy

fu (4, 1) = 1

fy = =
+2 fy

An equation of theplane is

z - 2 = 1(x - 4) + (
-1)(y- 1)

2 - 2 = x - y - 3

= x +y +
z = - 1
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Example 8 (14.4). Consider the function

f(x, y, z) =
p

x2 + y2 + z2.

(a) Find the di↵erential of the function.

(b) Find the linearization of the function at the point (2, 1, 2).

(c) Use the di↵erential or linearization to estimate
p
1.92 + 1.12 + 2.012.
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as dro = fudx + fydy + fzdz

=y2+zz

dz

daday
(b) ty (2, 1

,
2) = g , Fy (2, 1, 2) =/ ,

fz (2, 1,2)=

f(2,
1
, 2) = 3

((a, Y, 2) =
f(a
,
b
, c) + facaib, c) (a -a) + fy(a,b, c)(y-b) + fz(a,

b
,
2)(2= 2)

= 3 + z(x
- 2) +!(y-1) + 2 (2

- 2)

=-[an +y + 22]

(2) 61 . 97+ 1
.
F+2. = f(1

.
9
,

11
,
2
. 01) & L(1

.
9
,
1
.

1
,
2
. 01

= [3.8 + 1. 1 + 4
. 027

= 892 = 2 . 913
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Example 9 (14.4). If z = x2
+2y2�x and (x, y) changes from (2, 3) to (1.9, 3.01), compare

the values �z and dz.

The Chain Rule Suppose that z = f(x, y) is a di↵erentiable function of x and y, where
x = g(t) and y = h(t) are both di↵erentiable functions of t. Then z is a di↵erentiable
function of t and

dz

dt
=

@f

@x

dx

dt
+

@f

@y

dy

dt
=

@z

@x

dx

dt
+

@z

@y

dy

dt

Suppose that z = f(x, y) is a di↵erentiable function of x and y, where x = g(s, t) and
y = h(s, t) are di↵erentiable functions of s and t. Then

@z

@s
=

@z

@x

@x

@s
+

@z

@y

@y

@s

@z

@t
=

@z

@x

@x

@t
+

@z

@y

@y

@t

Copyright © 2025 Math Learning Center MATH251 WIR 4: Page 9 of 11

62 = fudn + tydy = (2x -) de + my dy.

Given that (x, y) = (2, 3), (n+x
, y + Dy) = (1. 9, 3 .%)

So
, dx = Ax = -0

.
1
, dy = by = 0

.
0

so
, de = (4 -1(= 0 . 1) + 4(3) (0. 01)

=

- 0
. 30 + 0

.
12 = - 0

. 18

D2 = f(1
.

9
,
3

. 01) - f(2, 3)
= [(1

. 9)
2

+ 2(3 .
01)2- 1

.9] - [22+ 2(37 -2]
= 19

.

83 - 20

= - 0
. 17

& 2 = Az
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Example 10 (14.5). The length l, width w, and height h of a rectangular box are changing
with respect to time t. At a certain instance the dimensions are l = 5 cm, w = 4 cm and
h = 10 cm, and length and width are increasing at a rate of 4 cm/s while the height is
decreasing at a rate of 3 cm/s. At that instant find the rate at which the volume of the box
is changing.

Example 11 (14.5). If z = tan
�1
(x2

+ y2), x = s ln t, y = tes, find
@z

@s
when s = 2 and

t = 1.
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v = lwh
,
1 = l(t), w =

n(t)
,
h =h(t)

de
Given that 1 = 5, w = 4, h = 10, dl = dw

= 4
,

dh = -3

so

,d = 40(4) + 50(4) + 2013

= 160 + 200 - 60

= 300cm3/s.

=yete
S = 2

,
t = 1 = x = 0

, y = e

- (
= 12

,
15

o+
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Example 12 (14.5). Find
@z

@x
and

@z

@y
if x3

+ y3 + z3 = 3� xyz.
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Define F(x, y,z) = 23+y+ 23+my z - 3. Then the

level surface F(x,y,2) = 0 produces the given surface.

Fx =
3x2+ yz

Fy = 3yz+ xz

Fz =
322+x

- =
-(3+y
322 + xy

= -y = - (zy
322+ xy


