TEXAS A&M UNIVERSITY
:‘FW Math Learning Center

Math 308 — Week-in-Review
Week 11: 7.7-7.9

7.7 MATRIX EXPONENTIALS

Review

e How to diagonalize a 2 x 2 matrix A

1. Find the eigenvalues \; and ), and eigenvectors ¢ and ¢@.
2. A= PDP~! where

A0
teten o-ly 1]

¢ Matrix exponential

0 et

M= P FM ! ] P

e The matrix exponential is useful for solving the initial value problem

x' = Ax, x(0) = xo.

In particular, the solution is

x(t) = e*'xq.
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Exercise 1

Solve the initial value problem by using the matrix exponential.

X = [_11 _41] x,  x(0)= {_42]
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/7.8: REPEATED EIGENVALUES

Review

¢ How to solve a homogeneous linear system with constant coefficients, x' = Ax.

1. Assume your solution has the form x(¢) = &e™.
2. Plug this in to get an eigenvalue problem.

3. Solve for the eigenvalues.

4. Based on the eigenvalues:

- Real distinct eigenvalues:
(a) Solve for the eigenvectors ¢ and ¢@.
(b) General solution is ¢ye €W + ¢yt

— Complex eigenvalues:
(a) Solve for one eigenvector €.
b) Find the real and imaginary parts of the solution e(¢+#®)¢.
c) General solution is ¢;(real part) 4 c;(imaginary part).

(
(
— Repeated eigenvalues:
(a) Solve for the eigenvector(s).
(b) If there are two independent eigenvectors £ and £¢@:
(i) General solution is ¢;e€W) + coemte®.
(c) If there is only one independent eigenvector &:
(i) Solve for the generalize eigenvector 7.
(i) General solution is cie™€ + ¢, (te™ & + e"'n).

a
b

¢ The generalize eigenvector » can be found via the equation

(A=rl)n=¢,

where r is the eigenvalue and £ is the eigenvector.
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Exercise 2

Find the general solution and sketch the phase portrait.

, 3 -4
X—1_1X
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Exercise 3

Find the general solution and sketch the phase portrait.

, 20
X_OQX
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7.9: NONHOMOGENEOUS LINEAR SYSTEMS

Review
e A nonhomogeneous linear system has the form
x' = P(t)x + g(t).

e There are 4 methods for solving these:

1. Method of undetermined coefficients

- Works if P(t) = A and you can guess the particular solution.
2. Variation of parameters

- Fundamental matrix: (¢) = [ xM |-+ | x(™ ].

= x,(t) = W(t) [ ()g(t) dt
- Always works.

3. Laplace transform

- Works if P(t) = A and you can take the Laplace transform of everything.
4. Diagonalization

- Works if the matrix is diagonalizable.
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Exercise 4

Find the general solution using the method of undetermined coefficients.

E R
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Exercise 5

Consider the system of differential equations

13 2], [-2
=72 —2 3¢ |

The general solution to the homogeneous system is
4|1 2
xp(t) = et {2} + cot? L} :

Find a particular solution to the nonhomogeneous system using variation of parameters.
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Exercise 6

Solve the initial value problem using the Laplace transform. (Stop when you get to X (s).)

o o) -]
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Exercise 7

Find the general solution using diagonalization.

=
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