
MATH251 - Spring 25

Week-In-Review 10

Example 1 (16.4). Use the Green’s Theorem to compute the line integral
H

C

F · dr, where

F(x, y) = (x2y2 + x2
sin x) i + (2x3y + ey) j and C is the boundary of the region bounded by

the curves y = x2, x = 2, and y = 0.

Example 2 (16.4). Use the Green’s Theorem to compute the line integral
H

C

F · dr, where

F(x, y) =
⌦
e3x � 4y, 6x+ e2y

↵
and C is the boundary of the region that has area 4 with

counterclockwise orientation.
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p =xy2+ xtsinn = Py = 2 y
a = 2xy +e => Qx = 6xy

⑳F. dr Green'sS(Q-Py on -
= ()4x2yda = 12zydyd
=Eyeda =2de

=2

p = e3x- 4y = Py =
- 4

a = bx +22 = an = 6

OF. dr Green's JSE-1-dA ,
where in the region bounda

by C.

= 10/da = 10 A(d) = 10 . 4 = 40
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Example 3 (16.4). Use the Green’s Theorem to compute
R

C

(3xy2�2y3) dx+(2x3
+3x2y) dy,

where C is the circle x2
+ y2 = 9 with positive orientation.

Example 4 (16.4). Compute
R

C

F · dr, where F(x, y) =
⌦
2xy2, 3x2y � 5

↵
and C is the trian-

gle from (0, 0) to (�2, 2) to (1, 2) to (0, 0).
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uP

(3x2y - 2y3)dx + (2x3+ 3x2) dy Greens[+say-Loy-sy]
where D : 2+y29

= 6()(x+y)dA i. e . ore3, 00eIT

= 6/293 2 drdo

= 62do) (3dr) =
s .2.

= 2435

PQ
i

Y
Green's (- 2, 2)

·

(1, 2)
& =

DCF . dr =-SFdr) (ny-kya y=x
+ - cy =

2x

=-12 znyddy =ge
& -x

= - jy[y -yaydy= 3dy=
= 3
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Example 5 (16.5). Find the curl and divergence of

F(x, y, z) = xyz i+ (x2
+ yz) j+ xz k.

Is F conservative? Explain.

Example 6 (16.5). Let f be a scalar function and F and G are vector fields on R3. State
whether each expression is meaningful. If so, state whether it;s a vector field or a scalar field.

(a) rf ⇥ (F+G)

(b) rf · curlF

(c) rf ⇥ divF

(d) (curlF⇥G) ·rf

(e) curl (F ·G)

(f) div (curl⇥rf)
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↑

divF = Pu + &y +Re = Y1
+ 2 + x

,
a scalar function.

cor/F = X XF== = -y , -(
- xy), 2x

-2)

xyz nyz
e

Since F is defined everywhere on
3
(which is simply connected

and curlF
,
F is not conservative.
-

-> Yes, a vector field .

victor
i

rector

Vector Vector
2) Yes

,
a scalar function.

*

Vector y scalar
> Not meaningful.

- ~ my Yes
,
a scalar function .

vector vector

m - Not meaningful .
scalar

F
no Yes, a scalar function.

*
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Example 7 (16.5). Consider the vector field F(x, y, z) =
⌦
2xy + 3, x2

+ z cos y, sin y
↵
.

(a) Determine whether or not F is conservative. If it is, find a potential function f. That
is, find a function f such that rf = F.

(b) Compute

Z

C

F · dr, where C : r(t) =
⌦
t, 2t, 1 + t2

↵
; 0  t  ⇡.
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carF = ii K

In by 2 = Dittok =5.

zey +3
n+zcsy sing

since F is defined everywhere on R3and carl F =0, it is
conservative·

We want f (n, y,2) such thatF = F .

i. e . fu = zay + 3 -
Fy = 14+ zay-
fe = siny-

Let's integrate & w i r . ty ; fin,y, 2) =Juz+ zcsydy
=> f(x

,y , 2) = v Ey+ 2 sing +g(n,2)-
&

2xy +3f xy + o +9(x,2) = 9n(x, 2) =3
=> S9uk, 2)dx = (3dn = 3x+ h(z)X) Trial and error hi=0

works

here.So
,
f(u, %, 2) = nzy+ z sing+ a in a potentialfunction of F.

VIO) = 10 , 0, 1) my
initial point.

UCT) = (IT, 25, I+2) > terminal point.

CF. dr = (f- dr ELF (terminal point) -fCinitial points
= f(π, 2π, 1+ +z) - -10, 0, 1)

= (t? (2π) + o +31T) - 0
= 23+ 35
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Example 8 (16.6). Find a parametric representation for the surface.

(a) The part of the plane 2x+ z = 8 that lies within the cylinder x2
+ y2 = 9.

(b) The part of the cylinder x2
+ y2 = 9 within the planes z = 0 and z = 3.

(c) The part of the cylinder y2 + z2 = 9 within the planes x = 0 and x = 3.

(d) The part of the paraboloid z = 6� 2x2 � 2y2 above the plane z = 4.
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(a) 2x +z = 0 = z = f(x, y) = 8 - 2x

vix
, y) = xi + yj + f(u, y)k = xi + yj + (0

-2x)k

over D : x2 + y29 .
-

Further, if we use polar coordinated withS n = vc0
, y = Using , 01U13,

OLDEE

↳ 1
vir
, u) = Lucop

,
Using

,
8-zocos)

, "

(b)n2+ y 2= 9 => x = 3CV, y = Bsinu, z = v
=
2

~10
, 0 = <3000, 3 sinc

,
o) ; ou, 0013 .

(2) y2+ 22= 1 =) y = 3 cap, z = 3 sink, of BEL
x = U 010 =3 .

I

~ (0, 4) = <0
,
3100

, 3 sind); ou 1 3
,
O PET -

(d) The intersection of I = <and z = -e22y2 is xty2= 1.
The projection of the surface onto zy-plane in nE+y = 1.

v(x
, y) = xi + yj + 16 242yk; D:

2
+y21 .

using polar coordinated : x = UCO
, y z Using, 01u1, 0012

V(0) = Cou, Using, 6-2023 ; ouel, 00LEIT .
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Example 9 (16.6). Find the surface area of the part of the plane 2x + 3y + z = 8 that lies
within the cylinder x2

+ y2 = 4.
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2x+ 3y +z = 0 = 7 =g(,y) = 8 - 2x - 3y

vin, y) = (x
,
y
,
8 - 2x - 3y) ; D = 21,%) : 27+y224]

↑

jkm x Vy

= O - 2

= (2, 3, 1) .

I
1 - 3

I
(rx x Vy) =J+ 9 = 54

In fact
, if the surface is given by z =gie, y) , then

ruxry = <-Su
, -gy , 1) and

1x Vy1 = 5935992
Als) = f) (raxVyldA =) STR da

D

= TT()dA = 54. A(p)

= 54. (5 .22)

- 494T
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Example 10 (16.6). Find the surface area of S, where S is the part of the paraboloid
y = x2

+ z2 that lies within the cylinder x2
+ z2 = 4.
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xZ

vcu
,
2) = xi + (

=

+2)j + 2k;

D : x2+24

raXV = i jk

I 2x O

22 I

--,O
Iraxrel =I+z2

Als)SIrxdA =)
x2+224

Using polar coordinates : x = VIO, I = Using,
ove2

,
01012IT

Als) = 12re · rdido

u = 1+ 4
=

=)du = 8rdr

= 25. S Jody= [C1+K22]

= [l-1]
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Example 11 (16.6). Consider that S is the part of the sphere x2
+ y2 + z2 = 36 that lies

within the planes z = 0 and z = 3
p
3.

(a) Find a parametric representation for the surface S.

(b) Find the surface area of the surface S.
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-
5=6

-2
2 = 353

(a)

red
, o) = 16incoso, using sino, Glossy

-T

clearly
,

0:0125.

2 = 35 = 614 = 15
/

Y

=> cost = 15 d= Y

2 = 0 = q = 1 Se

So
, I =I

That is
,
D = < (0

,
0): = = # , 020253.

(b) Recoll that (rpXrol = 32sing = 36 sind.

Acs) = SSIVXVoldA =3sing d
do

= 35()2do) (Ssindd
= 36 . 25 -

-co
= 3653π
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Example 12 (16.6). Find the area of the part of the surface z = 1+2x2
+3y that lies above

the region bounded the triangle with vertices (0, 0), (2, 0), and (2, 4).
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Y
rea,y) = (x, y, 1 + 2n+3y) (2, 4)

IVXVy) = JFuz+ 292 y
=
2x

z =
2

D

=J+ 16 .
22+ 9
·o

= Jo+16se2

A(S) = (S(Vax Vy)dA=S) 5TotodAD

I 22Totissez- dydn
=z standa u = 10+ 16.22

du = 32xdx
=If so do

= [110 +16223
= [H2-102]

·


