
Math 308 - Spring 2025
Week-in-Review

Math 308: Week-in-Review 10 (Exam 2 Review)

1 3.7-3.8: Mechanical Vibrations

Review

Standard Equation: mu′′ + cu′ + ku = F (t), where m is mass, c is damping coefficient, k is spring
constant, u(t) is displacement, and F (t) is the external force.

Parameters:

• m: Mass of the object.

• k =
F

u
(Hooke’s law).

• c: Linear damping FD = c v where v is the velocity, FD is the damping force

Solutions:

• Homogeneous: (uh(t)) when F (t) = 0:

• Overdamped: uh(t) = C1e
r1t + C2e

r2t

• Critically damped: uh(t) = (C1 + C2t)e
−

c

2m
t
at c = 2

√
mk

• Underdamped: uh(t) = e
−

c

2m
t
(C cos(ωdt) +D sin(ωdt)), where ωd =

√
k

m
−
( c

2m

)2

• Particular (steady state solution up(t)): Depends on F (t).
If F (t) = F0 cos(ωt) =⇒ up(t) = A cos(ωt) +B sin(ωt)

• Total: u(t) = uh(t) + up(t); transients decay, leaving steady-state up(t).

Amplitude: (of the steady state solution) For oscillatory motion, R =
√
A2 +B2.

Resonance: Occurs when forcing frequency equals (or is very close to) the natural frequency

ω0 =

√
k

m
.
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1. (Sections 3.7, 3.8)
A string is stretched 15 cm by a force of 0.45 N. A mass of 0.3 kg is hung from the spring, and also
attached to a viscous damper that exerts a force of 4 N when the velocity of the mass is 8 m/s. The
mass is pulled down 6 cm below its equilibrium position and given an initial velocity of 12 cm/s
downward.

(a) Determine the position u as a function of time t.

(b) Find the quasifrequency of the motion.

(c) If this system is also subjected to an external force F (t) = 3 cos(5t), find u(t), and the ampli-
tude, period, and phase of the steady-state motion.
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2 6.1: Laplace Transforms

• The Laplace transform is defined by

L{f} =

∫ ∞

0
e−stf(t)dt

• For many functions, you can just look up the Laplace transform in the table.

f(t) F (s) defined for

1
1

s
s > 0

eat
1

s− a
s > a

tn(n = 1, 2, . . .)
n!

sn+1
s > 0

sin(bt)
b

s2 + b2
s > 0

cos(bt)
s

s2 + b2
s > 0

eattn(n = 1, 2, . . .)
n!

(s− a)n+1
s > a

eat sin(bt)
b

(s− a)2 + b2
s > a

eat cos(bt)
s− a

(s− a)2 + b2
s > a

• The Laplace transform is also linear:

L{c1f + c2g} = c1L{f}+ c2L{g}

• To take the inverse Laplace transform, you can also use the table. However, if your function
does not match the things in the table, then you need to first do partial fractions.

• Partial fractions review

– Simple roots

– Irreducible quadratics

– Repeated roots
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2. (Section 6.1)
Find the Laplace transform of the following functions using the definition of Laplace transform

(a) f(t) =


2t, 0 ≤ t < 1,

3− t, 1 ≤ t < 3,

0, t ≥ 3

(b) g(t) = e−3t sin(2t).
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3. (Section 6.1) Use the table to find the Laplace transform of

f(t) = 4t3 − 5 cos(πt) + 2t sin(3t)
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4. (Sections 6.2, 6.3)
Find the inverse Laplace transform of the function

F (s) =
s+ 3

(s2 + 2s+ 5)(s− 1)
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3 6.2: Solving ODEs with Laplace Transforms

Review

• Laplace transform of derivatives

L{f ′} = sF (s)− f(0)

L{f ′′} = s2F (s)− sf(0)− f ′(0)

L{f ′′′} = s3F (s)− s2f(0)− sf ′(0)− f ′′(0)

• How to solve differential equations with the Laplace transform

– Apply the Laplace transform to each term of the ODE.

– Substitute initial conditions and solve for Y (s).

– Compute the inverse Laplace transform to find y(t).
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5. (Section 6.2)
Find the solution of the initial value problem

y′′ + 4y′ + 5y = e−t, y(0) = 0, y′(0) = 1

using the method of Laplace transforms.
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4 6.3: Step Functions

Review

• The unit step function uc(t) is defined by

uc(t) =

{
0 t < c

1 t ≥ c

• It can be used to write discontinuous functions into a single equation.

• The Laplace transform of uc(t) is

L{uc(t)} =
e−cs

s
, s > 0

• Laplace transforms of shifts
L{uc(t)f(t− c)} = e−csF (s)

L{uc(t)f(t)} = e−csL{f(t+ c)}

• Inverse Laplace transform of shifts

L−1{e−csF (s)} = uc(t)f(t− c)
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(a) (Section 6.3)
Write the function below in terms of Heaviside unit step functions

f(t) =


2t, 0 ≤ t < 1,

3− t, 1 ≤ t < 3,

0, t ≥ 3

(b) Find the Laplace transform of the function obtained in part (a).
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6. (Sections 6.2, 6.3)
Find the inverse Laplace transform of the function

F (s) =
e−3s(s2 + 2s+ 2)

s(s+ 1)2
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7. (Section 6.4)
Find the solution of the initial value problem using Laplace transforms

y′′ + 2y′ + 2y =

{
t, 0 ≤ t < 3,

3, t ≥ 3
, y(0) = 1, y′(0) = 0.
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5 6.5: Delta Functions

Review

• The Dirac delta function δ(t− c) is defined by∫ ∞

−∞
f(t)δ(t− c) dt = f(c), c ≥ 0

• It models instantaneous impulses.

• The Laplace transform of δ(t− c) is

L{δ(t− c)} = e−cs

• Laplace transforms involving delta functions

L{g(t)δ(t− c)} = g(c)e−cs
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8. (Section 6.5)
Find the Laplace transform of the following function:

f(t) = t4δ(t− 4) + e3tδ(t− 2) + sin(t) · δ
(
t− π

2

)
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9. (Section 6.5)
A 2 kg mass is suspended from a spring and damper. When the mass is hung at rest, it stretches
the spring by 2 meters. When the mass moves at 1 m/s, the damper exerts a resistive force of 4 N.
At t = 2 seconds, the system is struck with a hammer, delivering an instantaneous impulse force
of magnitude 3 N. The mass starts motion from equilibrium with an initial upward velocity of 0.5
m/s.

(a) Determine the spring constant k and damping coefficient c.

(b) Write the governing differential equation for the displacement u(t).

(c) Solve for u(t) and describe the motion of the system.

(Use g = 10m/s2.)
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6 6.6: Convolution

Review

• The convolution of two functions f(t) and g(t), denoted (f ∗ g)(t), is defined by

(f ∗ g)(t) =
∫ t

0
f(x)g(t− x) dx

for t ≥ 0, assuming both functions are zero for t < 0.

• The Laplace transform of a convolution (f ∗ g)(t) is

L{(f ∗ g)(t)} = F (s) ·G(s),

where F (s) = L{f(t)} and G(s) = L{g(t)}.

• This property simplifies solving differential equations by converting convolution in the time
domain to multiplication in the s-domain.

• Convolution is commutative: f ∗ g = g ∗ f so

(f ∗ g)(t) =
∫ t

0
f(x)g(t− x) dx =

∫ t

0
f(t− x)g(x) dx.
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10. (a) (Section 6.6)
Suppose f(t) = e−t and g(t) = t2, find (f ∗ g)(t) using the definition of convolution.

(b) Use part (a) to determine L−1{H(s)} where

H(s) =
2

s3(s+ 1)
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11. (Section 6.6)
Use convolution to determine the solution of the integro-differential equation

y′ + 3

∫ t

0
y(t− x) cos(x) dx = 2 sin(t), y(0) = 0.
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7 5.1–5.2: Power Series Solutions of Linear Differential Equations

Review

• A power series solution of a linear differential equation assumes the solution can be written as

y(x) =

∞∑
n=0

an(x− x0)
n,

where x0 is the center of the series (often x0 = 0), and an are coefficients to be determined.

• The derivatives of the power series are:

y′(x) =
∞∑
n=1

nan(x− x0)
n−1, y′′(x) =

∞∑
n=2

n(n− 1)an(x− x0)
n−2,

obtained by term-by-term differentiation, assuming the series converges in some interval.

• For a linear differential equation of the form P (x)y′′ + Q(x)y′ + R(x)y = 0, substitute the
power series for y, y′, and y′′ into the equation, equate coefficients of like powers of (x − x0),
and solve for the recurrence relation among the an.

• A point x0 is an ordinary point if P (x0) ̸= 0 and the coefficients Q(x)/P (x) and R(x)/P (x)
are analytic at x0. In this case, the series solution converges in some interval around x0.

• The radius of convergence of the series solution is at least as large as the distance from x0 to
the nearest singular point (where P (x) = 0), determined by analyzing the coefficient functions.

• Solutions typically yield two linearly independent series y1(x) and y2(x), whose Wronskian
W [y1, y2](x0) ̸= 0 confirms their independence.
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12. (Section 5.1) Find the radius and interval of convergence of the series

(a)
∞∑
n=0

(−1)n
(x+ 4)n

(n+ 1)!

(b)
∞∑
n=0

(x− 1)n

2n
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13. (Section 5.2) Consider the initial value value problem

y′′ + x2y′ + 2xy = 0, y(0) = 1, y′(0) = 0.

(a) Solve the initial value problem using a series of the form y(x) =
∞∑
n=0

anx
n. Find the recurrence

relation.

(b) Find the first 6 terms of the series solution.

(c) Write down the solution using summation notation.
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