T TEXAS A&M UNIVERSITY Math 142
Wil Math Learning Center WEEK-IN-REVIEW

SESSION 6: SECTIONS 2-6 (RELATED RATES), 3-1, AND 3-2

1. Two ships leave the same port at the same time. One hour after departure, ship A is 3 miles north of port
traveling north at 6 miles per hour and ship B is 4 miles east of port traveling back to port at 7 miles per
hour. At what rate is the distance between the two ships changing one hour after departure?

Step 1: Draw a Picture - Sketch a picture that represents the problem and label any variables of interest.

A s distonce 5k;f A is from Port

B 1s distance ship B is Lom Port
C is distance ship A + B ace Srom eoch otha—

gt ®
Step 2: State Given & To Be Determined Information - Identify (a) the given (or known) values for
any variable or rate of change, (b) the rates of change that need to be determined and at the specific

values at which the rates need to be determined. Be sure to include all units.

-

WKnowa: B "o ke A=3 TeD: dC
d-t /h L han HT
dé
_—'\;: ‘_"m/k..— whas B4

Step 3: Formulate Equations - Look at the information collected in steps 1 and 2 to find a formula that

represents the relationships between the rates and the variables.

A1+61=C_z

Step 4: Take Derivative - Use implicit differentiation to take a derivative of the equation in step 3 with

respect to time, .

A €T
2A9% * 2Bde T 2et
. dA dg =1
ﬁﬂ;‘h‘t‘n Ay + Bg= cde
LS 2

Step 5: Substitute - Substitute all known values (see step 2) into the equation found in step 4, and then

solve for the unknown rate of change.
dc 3 g distonce between +he ships
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2. The base of a right triangle is growing at a rate of 3 inches per hour, and its height is shrinking at a rate of
3 inches per hour. When the base of the triangle has a length of 12 inches and the height is 16 inches, how
fast is the area of the triangle changing?

S;T-E?> : b 115 '¥L\C. \QJ%S¥L\ CTD'+4\ﬂ \DOJSQ of +he ’+rhanjlg
W W is +he \ne'\S(n+ of +he -\-:—‘-a.,\slc.
A is +he area of +ne -\-v-'.anslo_
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3. A manufacturer determines the relationship between the demand and price for an item is given by 3z +
3zp + 40p? = 160, 000, where z is the number of items demanded each month at a price of p dollars each. If
the number of items demanded is decreasing at a rate of 10 items per month, find the rate of change of the
price with respect to time when demand is 200 items each month.

STEP1. NJ/A

STEP 2.

: df -
AY |"'cm$ TBD S whe X =200
Known = - —_— - dt
" de 1o month d

STEP 3+ ?rx x 3xp +¢-lop =1LoO6O

bx dt * 31:3&4. 3‘“:?-\-?0?;:-
?mduc'(' cule
for I%p

Step S
Find 4 when X =200

de
3(200)" + 3(200)p 410" = 1,0 000 6 (200)(-10) + aCm\ d‘c + 3(-10)(25) + Fo C”'\ dt =0
WOo) +

3 (qbow\ + L,ooP ¥ Llo?" = 1LO00sO =|2000 + L OO g;ﬁ-"lSo + ?.ooos'{ =0
\20000 + (.pooP 1Yo Pz = | LOoOD 2L0oo gy = 12750
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Yo( p+4o)(p-25) =©°
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Finding Increasing and Decreasing Intervals

Step 1: Find all partition numbers of f/(z) and then determine which partition numbers are critical
values of f(x).

Step 2: Plot all partition numbers on the sign chart template below. Put a solid dot on all critical
values and an open circle on all partition numbers that are not critical values.

Step 3: Select one z-value in each interval, and evaluate f ’(z) at each selected z-value to determine
whether f ’(x) is positive or negative on each interval. Indicate whether f '(z) is positive or
negative on each interval by writing ”+” or ”—” on the top of the sign chart.

Step 4: Apply the Increasing/Decreasing Test. Recall that where f ’(z) is ”+7, then f(x) is increas-
ing (). Where f '(x) is 7", then f(z) is decreasing (\).

J

4. President Welsh’s favorite function is W () with a domain of (—oo, —3) U (—3,4) U (4, 00). He is interested in
determining some characteristics of his favorite function and begins by taking the first derivative. In doing so
he finds the partition numbers. More specifically he found W’(z) = 0 when z = —6,1 and f’(z) DNE when
r=-3,4,8.

(a) Which of these partition numbers are critical values? How do you know this?

\30«-*\‘\'\0-‘\ — x=-L,-3 1,48

Crifheoal —™ X = _Lp, \)% Joc_c_a._u.Sc tiese ore
e 90.1'"\"'\'\0'\ numbeos In Fhe
dom oun GB Lo x),

(b) President Welsh started a first derivative sign chart, but needs your help to complete it. Fill in all
missing informaiton to make the first derivative sign chart complete.
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(c) Which images below could be a graph of W (z)?

Graph A “CraphB
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Local Extrema

Suppose f(z) is continuous on an interval containing the critical value x = c and f(z) is differentiable
near, and on both sides of, z = ¢. Then, f(c) satisfies one of the following:

Local Max: If f/(x) changes sign from positive to negative at z = ¢, then f(c) is a local maximum

of f(z).

Local Min: If f/(x) changes sign from negative to positive at = ¢, then f(c) is a local minimum

of f(z).

Neither: If f/(z) does not change sign at = ¢, then f(c) is neither a local maximum nor a local
minimum of f(z).




5. Given f'(z) = (z — 4)*(z — 1)(x + 2)*(z + 5) and that the domain of f(z) is (—00,00), find all (a) parti-
tion numbers, (b) critical values, (c) the intervals where f(z) is increasing, (d) the intervals where f(z) is
decreasing, and (e) all local extrema.

(a) The partition numbers of f/(z) are X= L\; l) —2) -5

(b) The critical values of f(z) are %= L‘; -2 - S

22, (1,4), (4,00)

(¢) f(z) is increasing on (‘5_,

(d) f(x) is decreasing on (-=,-5), (-2,1)

(¢) f(z) has local max at z =~ %

(f) f(z) has local min at z =_— 5, |

Sign Chart Template - First Derivative

sign of f'(x)
77_~_w or » _» + — + +

behavior of f(x) N -5 /| -2 \ L A Yy 7\
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6. Given f(z) = (9;:_12)2, f(z) = %7 and f"(z) = ﬁ, find all (a) partition numbers, (b)

critical values, (c) the intervals where f(z) is increasing, (d) the intervals where f(z) is decreasing, and (e)
all local extrema. Be sure to draw a sign chart for the first derivative.

\ -
(a) The partition numbers of f’(x) are ¥ = -5;—2‘\ ‘5 (x)=0
o= (x-)(x*S)
(b) The critical values of f(z) are X = \,-S xX=1,- S

"(x) DNE when
("oo’-(a\_‘ (l,ac\ %(7{ -

(¢) f(x) is increasing on

%42 =0
=-2
(d) f(=z) is decreasing on (—S: 2) ) (-z’ )
Dormada
(e) f(z) has local max at x = =S (-a-o) '13 vi-2 ,20)
(f) f(z) has local min at = =\
Sign Chart Template - First Derivative A
(]
sign of f'(x) .
) +7a or » _» .‘,_ - " —_— ‘*‘
............................... —9 - -
behavior of f(x) 7\ -5 \ _\?_ \[ | ]
/ \‘ ™o X ! rY\‘lf\
I

-G -3 © s
TCS‘TCS (-G-NCues) (':' " ('::"\ (:""3‘(‘;:;\ (;;'s’ .("g:f\
Vol lv r\q_a . f\Cg K ‘5 e N ?os
(- (x+5) ges- "3 %
KA
(x-\-:.\"ﬁ .
egsl ve



7. Given the graph of f’(x) below and that the domain of f(z) is (—o00,00), find all (a) partition numbers, (b)
critical values, (c) the intervals where f(x) is increasing, (d) the intervals where f(x) is decreasing, and (e)
all local extrema.

o©
VD ¥
s S
f(if)/ s — Pos,—l—l\/.e. volues

X=-3

(a) The partition numbers of f'(z) are

=z -3

(b) The critical values of f(z) are

('3)003

(¢) f(x) is increasing on

(-o0, -3)

(d) f(z) is decreasing on

(e) f(z) has local max at z = “4A~0" €

(f) f(z) haslocal min at x =~ 3

Sign Chart Template - First Derivative

sign of f'(x) ~

—
"y or » _»

behavior of f(x)
SN ~ 3 ya

[ g QMWL)




Finding Intervals of Concavity and Inflection Points

Step 1: Find all partition numbers of f/(z) and then determine which partition numbers are critical
values of f(x).

Step 2: Plot all partition numbers on the f”(z) sign chart (see template below). Indicate whether
each partition number is in the domain of f(z) by drawing a solid dot and an open circle if the
partition number is not in the domain.

Step 3: Select one z-value in each interval, and evaluate f”(x) at each selected z-value to determine
whether f”(x) is positive or negative on each interval. Indicate whether f”(z) is positive or
negative on each interval by writing ”+” or ”—" on the top of the sign chart.

Step 4: Apply the Concavity Test. Recall that where f”(x) is "+”, then f(x) is concave up (—).
Where f”(z) is =", then f(zx) is concave down (—).

Definition of Inflection Point: If f(z) is continuous and changes concavity at a point, then the
point is called an inflection point.

\_ J

1 1 1
8. Given f(z) = 561 (2* — 42 —10), f'(z) = §em(x2 — 22— 14), and f"(z) = iem(ﬁ — 16), find the intervals
of concavity and any inflection points of f(x).

\
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Sign Chart Template - Second Derivative

sign of f" ()
»moor v _» "l_ - +

behavfir of /J:(x) \/ -y

@
L@

(a) f(z) is concave up on (%)-LO ) (q,oo\ ‘ N
Ec’(()( —\Lo\

( \ Test+ VYalues

(b) f(z) is concave down on - L'J 9 -S oS

(¢) f(z) has inflection points at = q) 4 0 ey
) ‘Pos



9. Given the information about g(z) below, find the intervals where g(x) is concave up and concave down. Then
find the a-values where g(z) has point(s) of inflection.

e The domain of g(x) is (—o0, —2) U (-2, 00).

_(z=T)(x+ 3)?

° g'(z) = P
xz—1)(z x ! NE = -
. ()= 1)23712;22 L) RN (Y PNE %x=-2

%“(’x\ —o whes x-1l=T0 x+3=0 2%+l =0
.=\

X=1  x=-3 X "o

Sign Chart Template - Second Derivative

sign of g" (x)
aa_’_n or » _» -_— + 4- - —\-
........ T o o o -
ehavior of g(x) —~ -3 "2 < - \/‘L — ( N\

~— ~~

(‘3,‘2\‘ ('?-)—\/LXJ Cr Joo\ Thrn calculato
' Yes ¥ valees

(-0 f%\) (- '/?_J ) e B B

-2.5 = oS

(a) g(x) is concave up on

(b) g(z) is concave down on

=37 |
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(¢) g(z) has inflection points at © =
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( )
The Second Derivative Test Suppose f(z) is twice-differentiable at z = ¢ and = ¢ is a critical
value of f(z) such that f'(c) = 0.

e If f”(c) <0 then f(z) is concave down and has a local maximum at z = c.
e If f”(c) > 0 then f(z) is concave up and has a local minimum at x = c.
o If f”(c) = 0 then the Second Derivative Test fails, and f(z) may have a local maximum,
minimum, or neither at z = c.
\ J
10. Given f'(1) = 0 and f”(x) = —6x — 6, use the second derivative test to determine if there is a local maximum
or minimum at x = 1. (ossuma dormoun o be C—vo, °°3 3
{O\:o.muwS‘K=\ Ls Crithea® voluw
e X!
ﬁ“(u\’-*b(l\‘b = —Lb-L=-12 <0 /’\
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11. Given the graph of f’ below and that f is continuous on its domain of (—o0, o0), find the following:
”ﬁwvo Y \ . S
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N
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(a) the partition numbers of f . -
X@)D)D _|D-\--7‘\ur\
- /AN U N
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(b) the intervals of concavity of f. “
Jb' N ) N A ConcoNe VP (6_,0\, (DJW\{)
< B U O~ D \J Concone down C"oo, 3\) CO,DB

(c) the z-values of any inflection points of f.
xX=8,0,0

(d) the intervals where f is increasing.
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3
12. Determine all local extrema and points of inflection for f(z) = —a® — 82% .

Domain (-0, 00N
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= 2.2 3x*=0 x -8=0
3x CX—RX Y=o x'——"-'\FS_\
3 w =
%‘I("C\ T 12x -4¢x (k:z;o_o Kl‘q =0
2 =
= -4 =+
122 Cx =) Y=o o

11

\ mNouY W\.t- N
ngh -% , "]" — — A

\ LY 1 \
bzh%vl‘of-\/‘ BN o N g

T

fest —3 =) ! 3
?oS -I‘-L% J\-Lg To S
lOCQ_,Q MG X = —\[§

A oco M~ X = \j§

Sign
N N

h} 1 \

\ 1

N /
BQLQ\I /\——2_ |\ o — 2 Y

J('CS*' _3 =\ l 3
Yo lve

ey pos w3 @0

oin¥s of 1nflec fon

('_2’1\_\\_‘.83 CO)O\ CZJ‘"‘N.?X

_t)('_-a'\ = Yy, §
b °
%(?.\ = ""'{"',.8



