
MATH251 - Spring 25

Week-In-Review 3

Example 1. True/False.
(a) The curve r(t) = ht2, 2t+ 1, ti lies on the plane y � 2z = 1.

True False

(b) The curvature of a straight line is zero.

True False

(c) Let u,v, and w be orthogonal to each other. Then no planes can contain all three vectors.

True False

(d) The line x = 1 + 2t, y = 1 + t, z = 3� 3t is orthogonal to the plane 2x+ y + 2z = 1.

True False

(e) Let a and b be two nonzero vectors. Then the vectors projab and a are parallel.

True False
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Example 2 (12.1). Find the intersection of the sphere x2
+y2+z2�4x+6y�10z+29 = 0 with

(a) the xy-plane.

(b) the plane z = 8.

Example 3 (12.2). Consider two vectors v = i � 3j + 2k and w = 2i + k. If a vector a is
in the direction of v �w and has magnitude 3 units, find the components of the vector a.
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x2-4x + 1 +y2+ sy +q + 22102+25 + 29=38

( - 2)2+ (y + 3)2+ (2 -52= 9

xy-plane : z = 0 => (x - 2)2+ (y + 3)2 + 10 - 5)2= 9
(x - 272+ (y +3)2= - 16

,
impossible.

The sphere doesn't touch the cy-plane.

z = 8 = (x -2)+ 1y + 37+ 18 . 5)2= 9

(x - 2)2+ (y+3)2= 0

= The sphere touches the plane t = 8 only at
the point (2,-3, 8) .
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Example 4 (12.3). Find the work done by a force F = 3i + 2j � 5k that moves an object
from the point A(1, 0, 2) along a straight line to the point B(2, 4, 3). Also, find the angle
between the displacement and force vectors.

Example 5 (12.4). Determine whether or not the points A(0, 0, 1), B(1, 2, 1), C(1, 0,�1),
and D(3, 2, 1) lie in the same plane.
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The points lie on a plane if the volume
A

of the parallelepiped formed by TC
->> -

AB
,

AC and ED is zero :
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And recall that the volume of theparallelpiped
=/ AB . (XD) /
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-2
= 10-2-2-270!30

3 20
= 4 - 2(6) + 0 = - 8

volume = 1-81 = 8 0.

So
,
the points do NOT lie in the same plane.
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Example 6 (12.5). Suppose a line L1 passes through the point P (1, 4,�2) and is orthogonal
to the plane 3x� 2y + z = 35.

(a) Determine symmetric equations of the line L1.

(b) Find the point of intersection of the line L1 and the plane.
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Example 7 (12.5). Determine whether the lines L1 and L2 are parallel, intersecting, or skew.

L1 :
x+ 2

3
=

y � 4

�2
= z

L2 :
x+ 1

2
=

y + 3

3
=

z � 1

�2
.
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Direction rectors :
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,
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,
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Li : x = - 2 + 3t
, y = 4 - 2t

,
z = t

(2 : x =1 + 25
, y= 3 + 35

,

z = 1 -es

since the direction rectors are not parallel, the lines are

NOT parallel.

Testing intersection :

- 2 + 3t = ++25 mm-3 + 35
,

t = 1- 2s

4 - 2(l-2s) = - 3 + 35

4 - 2 + 45 = - 3 + 35

S = -5

t= 1)

substituting s = - 5
,
t = 11 into -2 + 3t = -1 + 25 ;

- 2 + 3(11) = - 1 + 2-5)

31 = = 1) a contradiction.
S

This means the lines do Not intersect
,

either
.

Hence
,
the lines are skew.
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Example 8 (12.5). Find an equation of the plane that passes through the point P (1,�2, 3)
and contains the line x = 3 + t, y = 5, z = 2� 5t.
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< 35, - 9
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,

z-3) = 0

35x -

gy + 72 - 35 - 18 - 21 = 0

35x - gy + 72 = 74
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Example 9 (12.5). Consider that a plane P contains the triangle ABC with vertices A(1, 2, 2), B(1, 3, 3),
and C(3, 1, 0).

(a) Determine an equation of the plane P.

(b) Which of the following lines is orthogonal to the plane P?

L1 : x = 3 + t, y = 4 + 2t, z = 3 + 2t

L2 : x = 1� t, y = 4� 2t, z = 3� 2t

L3 : x = �1 + 3t, y = 2 + 2t, z = �2� 2t

L4 : x = 1� 3t, y = 5 + 6t, z = 7� 6t

None of the above lines.
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As a direction rector of L is parallel to a normal rector

of the place P, the line L is orthogonal to
the plane.
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Example 10 (12.6). Identify and sketch the following quadric surfaces.

(y � 2)
2 � (x+ 1)

2 � z2 + 4y + 2x� 6 = 0
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Example 11 (13.1). Find all the points of intersection of the curve r(t) =
⌦
t, 2t, t2 + 4

↵
and

the plane x+ 2y � z = 0.

Example 12 (13.2). Compute the integral

Z 1

0

r(t), where r(t) = te�ti+
1

t+ 1
j+ 3t2k.
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r(t) : x = t
, y = 2 t

,

z =
2
+ 4 .

substituting into n + cy-z
= 0 ;

t + 4t - t - 4 = 0

- +2 + 5t - 4 =n-t= 5t + 4 = 0 - (t-4y(t +y=0

=> t= 1 or =4

t = 1 = (x
, y, 2) = / 1,

2
, 5)

t = 4 = (x
, y, z) = (4,

8
, 20)

Recall integration by parts : Sudr = un-Jody

· edt = -titled u = t= du =
d+

-z)
dr=

+
= v = - e

=
-tet

-
et

Stetdt = 1-tet- et]! = [te- el) - 10 - 1)]
= 1 -2

= =

% + dt = In (t+= luc2)-In = e

163Edt = t =
1

so
, J!(teti+j + st]dt = (e) i + 1xej + 4
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Example 13 (13.1). Consider the vector function r(t) =

⌧
e�6t, ln(2t+ 1),

t2 � 9

t� 3

�
.

(a) Find the domain of r.

(b) Find lim
t!3

r(t).

Example 14 (13.1). Find parametric equations for the curve of intersection of the paraboloid

z =
1

2
(x2

+ y2) and the plane z = x.
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2-6t is defined for any ter.

Incet +1) .. " for et + 10 -- 1

E 1/
Y whent 3.

So
, Domain = 1-13) u(b, 0).

= Imbim Incatt,me
= Le-1,

1nt
,
lim ++3

t- 3

= <e
-

,
1ny

,
6)

---------

2 = n = x = 1 (x2+yz ---------2

2x = x2+ yz
x2

- 2x + 1 + yz= 1

( - 1) + (y -0= 1
.

=> The projection of the intersection onto zey-plane is the circle

(x -Dz + (y -0) = 1

↳
x = 1 + cost

, y = sint ,
ot = et.

z = x = 1 + cost
-

That is
, n =I+ cost

, y = sint
,

2 = It cost
,
ot25 ·
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Example 15 (13.2). Find parametric equations for the tangent line to the curve given by
the vector function r(t) =

⌦
ln(t+ 1), t sin 2t, e�2t

↵
at the point (0, 0, 1).

Definition: The curvature of a curve given by the vector valued function r is

(t) =

����
dT

ds

���� =
|T0

(t)|
|r0(t)| =

|r0(t)⇥ r00(t)|
|r0(t)|3 ,

where T is the unit tangent vector.

Example 16 (13.3). Consider a curve given by the vector function

r(t) =

⌧
t, ,

1

t
,
p
2 ln t

�
.

(a) Find the length of the curve from (1, 1, 0) to

✓
e,
1

e
,
p
2

◆
.
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tell t
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*
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[2+ 1 >

0.

vict = < 1,> E )
= vi) =jt

Length = ( (v' (t)(dt =)(1 + t2)dE = [t - Y)
= [(e - () - (1 -x] = E
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(b) Find the unit tangent vector T(t) and the unit normal vector N(t) at the point (1, 1, 0)

(c) Find the curvature of the curve at the point (1, 1, 0).
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Example 17 (13.4). The position function of a moving particle in space is given by r(t) =
hsin t, 2t+ 1, cos ti . Find its velocity, speed, and acceleration at time t = ⇡.

Example 18 (13.4). Find the velocity and position vector of a particle such that

a(t) = (� cos t)i+ 2j+ 4e�2tk, v(0) = �2k, r(0) = i+ 3j+ k.
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UCE) = rik = <cost, 2,
-sint]

U(H) = < - 1
,

2
, 0

speed = 1UIT1 = 55

act) = v'ct) = < -sint, 0
,
-cost)

act = < 0
,

0
, 17.

--

--

ult) = Jaime sint,
25

,
-22ty +

20, 0
,
-234) = (0

,
0
,

- 2) + e = 5 = 0.

R(E) = <-sint, 2t
,
-2e2X

net) = Jutdt = <cost
,
12

,
29t]+

Given
(1, 3

, 1) = v(0) = (1, 0
,
17+

i = <,
3

, 13 - 11
,

0
, 13 = 20, 3, 07

So
,
v(t) = (cost

,

t2+ 3
,
22t]


