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Example 1. True/False.
(a) The curve r(t) = (t*,2t + 1,t) lies on the plane y — 2z = 1.

True False

;’: ;221"]

(b) The curvature of a straight line is zero.

True Fualse

(c) Let u,v, and w be orthogonal to each other. Then no planes can contain all three vectors.

True False

(d) The line v =1+2t, y=1+t, z=3— 3t is orthogonal to the plane 2x +y + 2z = 1.
——  —~—

True False A normal -
< 2/ (/ 2>

2.7 -2> /s NoT pareliol to (2,),2>

(e) Let a and b be two nonzero vectors. Then the vectors proj,b and a are parallel.

True False pros _ X _raq.b
7,4 = {4 LY @ = ( ,2) a
(a) fa) /af
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Example 2 (12.1). Find the intersection of the sphere x*+y*+2* —4x+6y—102+29 = 0 with

& 2 2 _
(a) the xy-plane. 7€ —4 X # iﬂ /'j -f(//f/— ?—/— z //0Zf£5—~/-2'7~/327

G -2 kg r D Lz 7= g

2y~ Plane !z =0 = 2%, ((7+3)2+f0~5)2: 7
(<~ D% 4 (943>%< —16  impexcife.
7he 5’,045&0 oAoesp’ ¢ ﬁucé 4 e gﬁ—,@/d/?e\

(b) the plane z = 8. 2 2
z= & = (z~2)7“,¢ [Jf_?) 4+ (3-5) =7

[x-2) Tp (;/7#3)2’: o
= The sphere fovchet the plane =z = £ W?/% at
the print (2, -2 £,

Example 3 (12.2). Consider two vectors v =1 — 3j + 2k and w = 2i + k. If a vector a is
in the direction of v.— w and has magnitude 3 units, find the components of the vector a.

V-w =< 1,-3,2> —< 2, d/’> = <-7,- 5, ,>

[o-wf = J 1/
Ynit vector in He di rectton zf/ v-w = ' <-¢, -3 /)

991/’/‘60/ veefor - 3 <-) -2 />
J -
v/
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Example 4 (12.3). Find the work done by a force F = 3i + 2j — 5k that moves an object

from the point A(1,0,2) along a straight line to the point B(2,4,3). Also, find the angle
between the displacement and force vectors.

Force F =<3 2 -5/ Displocestent = L2-,4-0,3-2
= <, 4.7>

Work W = EF. p — 34 2C4) 4 (-5)C1) = &
coL @ = F. D = _g_
(F) (D) Vag Jig

= 6= ¢m ') —E—
ViavJrs

Example 5 (12.4). Determine whether or not the points A(0,0,1), B(1,2,1), C(1,0,—1),
and D(3,2,1) lie in the same plane.

D

he pointx Ve on a plone /f the yolum e
of He pare //e/e/:/'/wz/ ﬁfﬂ”g/éj /c

HE, & and BD /¢ zem-

A B
Hnd recell et Me volunte % /%zpam//a//wpped

- //43- [A:_ZXMP)I

Aj.[EF)Xﬁ): ( < © _ o —2|_ ,—2,_',_0/0
‘o 4 2 & /3 o 22
2 o0
- = 4 -2(¢)+0= %
Vdlume —= |-%l= & #+ ©

$s, 1he /’9/“07’7 do M0] /lie /1y e vtwme /b/a/?z~
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Example 6 (12.5). Suppose a line Ly passes through the point P(1,4,—2) and is orthogonal
to the plane 3v — 2y + z = 35.

(a) Determine symmetric equations of the line L;.

a b ¢

A direchon vecfrr b L, 1< V= L3 —2)
A ,00/‘/1/ o/ Z/ P, Yo, T) = (), 4-2)

f) 1 Z 3/-—2/ ()

S’/rnm et7ic eyaaﬁo/u :

%%y - Y-Yo = Z-Ze 1,
—_— C !
a b {
- - _
x = J 4 = Z+ z
>3 -2

(b) Find the point of intersection of the line Ly and the plane.

Swbef7/1 e 2= /—/r}[—/;': g-2¢ z=-27¢ Z hilo 22— 2#%2 =25
24 9 —gF 4 4L —2 p & = B35
/4E = F2 = |[&= 3

PosofF of intercection !
(>,y, z> = l0, -2, 1)
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Example 7 (12.5). Determine whether the lines Ly and Ly are parallel, intersecting, or skew.

2 —4
Ly: Tt =Y =z
3 -2
r+1 y+3 z-1
Loy: = = .=
2 2 3 —2 =
A oy = -] 4+ 2% - —24+235 2 =l~-25
2 - / y" ~

7—e J‘/_/y Infereectson

b— — <
2s et —Arzs @~ =-3+75, L=172F

Subsfituhng S= -5 ¢ =) Mok -24+434£=_(+25
—2F Tl = —/ A+ 25
2) = —/) , 2 z'ooﬁ"aa’/n?':»o~

Jhile means the linee Jy NOT Intersed— e/ Moy
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Example 8 (12.5). Find an equation of the plane that passes through the point P(1,—2,3)
and contains the line x =3 +t,y =5,z =2 — bt. Qono)zo

£=0 = (Y z)=C(3 5,20 5
a polar on the //"ﬂe.

A directron vector Fo Ge Iine +5 / / /

¥ = </,0, -5> . @ (3,5 3

fo/ ¢ nirmal o fhe /9/0/79 S = * X Zf

= L5 x 2,7 —1>

/ 0 —5
2 7 -/

= 354 —F0 27k = <35 -9 7>
A7 ey wo (10 0}( /e /o/awe /L
5HTe L ox-2x, Y=, , T—Z> =0
{25, - 7,7) (-7, g+2, Z-2> —o
36 % Y +7z - 35 — /9 2/ =0

35x -~y 77Z = 74
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Example 9 (12.5). Consider that a plane P contains the triangle ABC with vertices A(1,2,2), B(1,3,3),
and C(3,1,0).

(a) Determine an equation of the plane P.

An egee 7 on 4 /%ep/ﬁ»e s
(1,2 2D Camg, ye2 T2 e

- +2/ -2Z 4+ /—4 + F Zo0

_ X ) 2/—22 A =

(b) Which of the following lines is orthogonal to the plane P?

Ly: =3+t y=4+2t, 2=3+2t
Ly: x=1—t, y=4-2t, z=3-2t
Ly: x=-143t y=2+4+2t, z=-2-2t
Ly: x=1-3t, y=5+4+6t, z=7—06t

None of the above lines.
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Example 10 (12.6). Identify and sketch the following quadric surfaces.

Ellipsoid

2 2 2

x* y* oz

2tpta=l

“A bunch of ellipses stacked
together”

Special case: Ifa = b = ¢, we
have a sphere

Hyperboloid of One Sheet

NS SR
RRRKX X
N7

N
Nyt 9,57
\\\\“' %

TN
RS SN

LEAON

a?  b? c?

In the xy plane, the traces are
ellipses.

In the xz or yz planes, the traces
are hyperbolas.

*Whichever variable is negative
corresponds to the axis of

A0
RN
RRER

W\
SR

<\

In the xy plane, the traces are
ellipses.

In the xz or yz planes, the traces
are hyperbolas, except when x =
0 ory = 0, then the traces are
pairs of lines

symmetry
Cone z? zoy?
C_Z = F + b_z Hyperbolic Paraboloid z  x2 y2
c a? b2

In the xy plane, the traces are
hyperbolas.

In the xz or yz plane, the traces
are parabolas.

In the xy plane, the traces are
ellipses.

In the xz or yz planes, the traces
are parabolas.

S

A
RN
,v’.'s‘\‘\\ N

Qz‘
7oK T
AZRRORI

In the xy plane, the traces are
ellipsesifz > corz < —c

In the xz or yz planes, the traces
are hyperbolas.

(y—2)—(z+1)>2? -2 +4y+2r—-6=0

2% _ox=y) -z2 +/4@/+})/~€zo

A

/\Z
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Example 11 (13.1). Find all the points of intersection of the curve r(t) = (t,2t,t* +4) and
the plane x + 2y — z = 0.

2
reey: a=¢, J=2¢t, =z = &£7+ 4 .

!aéshr’aﬁ'/y inko x+ 2/—2 = 0,
£ + FE — ¢t _4 =0
> 25+ 470 SE-D (V=0
= &=\ or =4
U=/ 2> (ny z)=(1( 2 5)
L= 4 = (’7(/‘7)2)—_—('4/2120)

—t% 5 -4 =0

1
1
Example 12 (13.2). Compute the integral / r(t), where v(t) = te i + t—i——lj + 3t’k.
0

“m— N

v d V¥
/ /
fol__i/u - Iy [ff/)é = nczp-dn) = 4y 2
P
f/BfZa/l’ = L"/ =/
0 o

!, - . 2 _ ) . :
£, fo[/—c /7‘;7;/_\/%3’:‘ k)/t—[%z)»,c In2j + K
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-9
Example 13 (13.1). Consider the vector function r(t) = <e_6t,1n(2t +1), r— > :

(a) Find the domain of r.
o~ €6 ;o defined For any t e R,

-
= &>k
2
t—7 . v when £ #+ 2.
-2
So, Domaryp = (% 2) vl 3,20 .
2
) é’ —
(b) Find limr(t). = Y 8F€t Dim In (2£+1) Ling 7 >
=3 > 2 7 £=>z2 t>= &£-2

— /5
:<e In7  Iim E+3
/ J/
£ 3

— < e~/8, j’)7/ € >

-

Example 14 (13.1). Find parametric equations for the curve of intersection of the paraboloid

1 o
z= §(x2 +9%) and the plane z = x. -

Z = o = %:é/’[zz"LyL)
2x — 9(2+5p?' /
x2_gx 4+ F §T= |
Ge - D= + (Y —o> =
= The pProjection of the /ntecsockon oVf0 XY—plre /5 fhe circle
C&—QZ_/- (y -0 =/
P xz ) lat, Y= St 0= = 20

Z = x = [+ 07
That 11 X= V+ Cor &, ;/_-,r’/'nz“) Zc(temd oz t<2ry.
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Example 15 (13.2). Find parametric equations for the tangent line to the curve given by
the vector function r(t) = (In(t + 1), ¢sin2¢,e~>") at the point (0,0,1).

A direction veclhr to the fangent line /s .
= r/(f)/ — < r_ st 4 2tadzt, —2¢€ > |
r=o &4/
= 1, 0, —2>
A equeh on of Hhe lne ! <Lxy9z> = (0,0,1> T e L1, 0,-2>

x = j—:o/ =z = /- 2

Definition: The curvature of a curve given by the vector valued function r is

dT

pom UL

Crel WOP

where T s the unit tangent vector.

Example 16 (13.3). Consider a curve given by the vector function
1
r(t) = <t, : Z,x/§lnt>.

1
(a) Find the length of the curve from (1,1,0) to (e, > \/§> :

0
qe EH 7
V/(t):<’// ”{»/ ;J:L>
z
= rlre) = / 2 = /é4+ 267 ) = (%D
(¢ 7+ L o = =
5—4— 2= Z,Q——
e e _2 — e
= Ite)] dt = + dt = s - !
len/fﬂ f/ 1 v/t d ‘/; [/ E ) Z /bljﬁ

= [(ek)-0n] =
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(b) Find the unit tangent vector T(t) and the unit normal vector N(t) at the point (1,1,0)

T = X9 = T 4, -y E>
(r'e)] | +E* g g
— / < &Z/ ,_// \/21‘)
( +t >
TCL = L <A~ 2>
(
e = st LEZ 4 JztED> +/—«2< 26, 0,z >
(1 +£2)2 e
( =N = Il 1,06
7Mr) = <y, -, d2> T ’2'<2/0’\/2> Z<' L0
- =2
L Lt 1,6> _ oo,
NCL) = T = :L/—> - \7’2‘4“9
———
)7 (D) A

(c¢) Find the curvature of the curve at the point (1,1,0).

From above, [70cD ] = % 274
[riceo)] = 5 %,
Kep= (Te0) 0 J2a - V2
(r'co| = wa
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Example 17 (13.4). The position function of a moving particle in space is given by r(t) =
(sint, 2t + 1,cost) . Find its velocity, speed, and acceleration at time t = .

Vip) = rlte) = L cot, 2, ~Snz>
vLm) = <L—-1, 2, o)
Spoed = JUVC(mD ] = J 5

act) = v'tt) = < —-<sint, 0, - oot >

ali7y = L 6,0, />-

Example 18 (13.4). Find the velocity and | position vector of a particle such that

a(t) = (—cost)i+ 2j + 4e %'k, v(0) = -2k, r(0) =i+ 3j+ k.

—_—— A ——

: -2E —
tﬁlt):fah‘;)d't:</_<7/nf/ 26, —2¢€ > + c

Given > —
£0,0,—2>= VW) = <2,09, —e> +C = < =0

Bre) = L —rint, 2£, "26~2(’_>
—
Nee) — fl}[t)df_ - <fc§]’[‘ P tQ/’ £P2£’> —+ d
Griven —
<l 31> = ¢rcoy=<1/, 0, 1>+ d

J—> — <// 8//>'—<// 0//> j— <0/ 3/d>

5y

_ 2 —o
ret) = (et 243, e 25>
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