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Fubini’s Theorem If f is continuous on the rectangle

R = {(x, y) | a  x  b, c  y  d},

then ZZ

R

f(x, y) dA =

Z b

a

Z d

c

f(x, y) dy dx =

Z d

c

Z b

a

f(x, y) dx dy

Example 1 (15.1). Calculate the double integrals.

(a)

ZZ

R

y cos x

y2 + 1
dA, where R = {(x, y)|� ⇡/2  x  ⇡/2, 0  y  2}
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(b)

Z ⇡/2

0

Z 1

�1

(x+ x2
sin y) dx dy

(c)

ZZ

R

xe�xy dA, where R = [0, 1]⇥ [0, 2].
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If f is continuous on a type I region D described by

D = {(x, y) | a  x  b, g1(x)  y  g2(x)}

then ZZ

D

f(x, y) dA =

Z b

a

Z g2(x)

g1(x)

f(x, y) dy dx

If f is continuous on a type II region D described by

D = {(x, y) | c  y  d, h1(y)  x  h2(y)}

then ZZ

D

f(x, y) dA =

Z d

c

Z h2(y)

h1(y)

f(x, y) dx dy

Example 2 (15.2). Compute the double integral

ZZ

D

(2x+ y2) dA, where D is the triangular

region with vertices (�2, 0), (0, 2) and (2, 0).
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n
=

2
-2

nY
x=

2
-y

The region is both Type I and Type I . But or 10,2) or

2

y =
x

+2

= y=
x +

considering the region as Type I minimizes
the amount of work. (- 2,-(2,073

D = 3 (4
, 4) : 0 = y = 2

, y-z = x z -y)

((2n +y2)dA = 02/22x + yz)dxdy =)[xxyzz]dy
x=y-z

=+ y2 -y)
- (42+ y y-2))] dy

= 12 xy2-cysdy = 193-
= 2 - 8 =
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Example 3 (15.2). Find the volume of the tetrahedron bounded by the planes z = 0, x =

0, x = y and x+ y + z = 4.
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=> z = 4 - x -y xZ
2= 0

The intersection of i + y + z = 4 and the zey-plane
(or the projection of the tetrahedron) is -

x + y = 4 X -

4 -

x
+ y

=
4

↳ e =
x

" F
so

, D = 1.9) : 04E2
, n y = 4 -2)

Volume = S) (4 -x -y)dA

_ 24 4 -x -y) dydn

= % [4y-cy-22 du

= (20- 8x + 2x2de

=
8x

- 4x2 + 2x31
=
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Example 4 (15.2). Find the volume of the solid bounded by the paraboloid z = 1+3x2
+3y2

and the planes x = 0, y = 0, z = 0 and x+ y = 1.
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~
z

D = E(x,7) : 02441
,

0 <y = 1-x)4
x+y = 1

Volume = (941 + 322+zy) dA
DI

,

7x
-

D
- -y

L

= I l+ 322+ 3y) dyd
2

= C. Ey + 32y + y3jdoe
= S! [1-x + 3x2-

3x3 + 1 -
x3+3x23x]dx

= 1.. 2 - 4x + 5x2 = 423dx

-
2x - 2x2 + 2x3 - x41

= I
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Example 5 (15.2). Sketch the region and change the order of integration.

(a)

Z 2

0

Z 4

p
x

f(x, y) dy dx

(b)

Z 3

�3

Z p
9�y2

0

f(x, y) dx dy
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6
M

TypeF&
y = 4

D = [ (x, y) : 024 = 16
,
inY = 4)

Type# : D = 2(,y) = 0xy = 4
,

0 =x =y
Py = Jai

So,

f, y) dyd=on, 2) de dy

TypeS
1y

P = G(x, y) : -30 y = 3
,

01x =5-y2)

Note that x =Jy 2 = x2= 9 -y

=> x2+y = 9 .

D

=> y =15- x2

Type It
So
, D = [ (4

,y) : o 1 3, =52 <y 1542]

3fla, 3)dady = 93955
2

f(x,y)dxdy
·

-Jaz
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Example 6 (15.2). Evaluate the integral by reversing the order of integration.

Z 1

0

Z 1

p
x

x sin(y5 + 1) dy dx
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XY

D = 2(x,y) : on4)
, Jay = 1) y = /

Dy =
Ji

= ((,y) : 0x y = )
,

02x = yz a >
x

I sin(y dyd=sincy"11) dr dy

= sin(y+ 1).dy
=) ysincy y

Let v = y5+
=- sinc do

du = 5 y4dy

= = 10) =t cas(y
*

T)),
= - [cose-1s1]
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If f is continuous on a polar rectangle R given by 0  a  r  b, ↵  ✓  �, where
0  � � ↵  2⇡, then

ZZ

R

f(x, y) dA =

Z �

↵

Z b

a

f(r cos ✓, r sin ✓) r dr d✓

If f is continuous on a polar region of the form

D = {(r, ✓) | ↵  ✓  �, h1(✓)  r  h2(✓)},

then ZZ

D

f(x, y) dA =

Z �

↵

Z h2(✓)

h1(✓)

f(r cos ✓, r sin ✓)r dr d✓

Example 7 (15.3). Evaluate the integral

Z 2

0

Z p
4�x2

0

p
1 + x2 + y2 dy dx
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x = ro

y = using

u2+yz= r2
NY

D = [cx,y) : o = u = 2
,

0 -y J22]
-

-

y =j-xz

y =jT - 22 =) x2+y2 4. D

=> v
=

= 4 = v =2
> x

so
,

D = 2 (r
,
0) : 01V2

, 00)

justSuzyz dydn =Jo vardo

= ( do) /(vst2dr) · = 1+Edu =erdr

-(Jud=
= [5 - 1]
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Example 8 (15.3). Evaluate the integral

ZZ

R

x2

x2 + y2
dA, where R is the region between the

circles x2
+ y2 = 1 and x2

+ y2 = 4.
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XY

R =2 (r
,

0) : 11 V = 2
,

010 = 2T] R ↳

Idaa ↑, 127

=I reaso dudo
cos20 = 2005-1

=(intodo) (S
,

2

dr) *

caston
= ( + today.

↓

=

1
.t · [2-] =
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Example 9 (15.3). Find the volume of the solid between the cone z =

p
x2 + y2 and the

ellipsoid 2x2
+ 2y2 + z2 = 12.
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=> z = +12-2x2- 2yz x2

The intersection of z = Juzyz and

222+ 2y2+
z2 = 12 is

...

----

2x2+ 2yz+ x2+y
=

= 12
#

>g

22 + y z = 4
Tl

So
,

the projection of the solid onto cy-plane is a circular

disk n2+y
*

14 .

That is D = [ (r, 0) 10 V2,
0101eT].

volume = SS(top-bottom) da = j) [2-2y2-Jet]dA
D D

= [12-er2 _ v] war do

=dodo

Y

u = 12 -2r2-du= - 4rdr

= (a)· /Joda-a[
= (12-2
= [8-11232] -I
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Example 10 (15.3). Evaluate the integral

Z 2

0

Z p
2x�x2

0

p
x2 + y2 dy dx
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D = G(x,%) : 012, 0 .6 yJ-e2)

y = (2x - x2 = x2+ yz = 2n

completing the square,
22-2x + 1 + ye=

(x -y z+ (y-0)= 1
&

which is a circle centered at 11 , % with radius 1.

-+y2= 2n = v2= 20 = v = 0 or ·v = 200

Clearly, 0_ (ux0
, y50).

So
, D = <(

,
0) : or = 2020, 010#3.

2a tyzdyd=22. roudo

=as 30 do

= caso(l-sinto)docso-csintodo-

I

v = sinO

= [casado - (vdu] du = cosodo

= [1-Isin() =


